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SOME RESULTS ON COMMON FIXED POINTS FOR RATIONAL TYPE 
CONTRACTION MAPPINGS IN COMPLEX VALUED METRIC SPACE 


DEEPAK KUMAR* AND AMAL CHACKO 


ABSTRACT. In this manuscript, we have obtained the sufficient conditions for the existence 
and uniqueness of a pair of mappings satisfying rational type contractive conditions in the 
framework of complex valued metric space. Our result generalizes the well known result 
introduced by Azam et al. in complex valued metric space. Also, various deductions 


have been provided. 


1. INTRODUCTION 


Azam et al. [2] introduced the concept of more general metric space, which is well known as 
complex valued metric spaces. He gave sufficient conditions for the existence and uniqueness 
of common fixed points satisfying contractive conditions. Later, S. Bhatt et al. [4] without 
using the notion of continuity proved a common fixed point theorem for weakly compatible 
maps in complex valued metric spaces. F. Rouzkard and M. Imdad considering rational 
type contractive conditions proved some common fixed point theorems in the framework 
of complex valued metric space. C. Klin-eam and C. Suanoom [8] proved certain common 


fixed-point theorems for two single-valued mappings satisfy certain metric inequalities. 
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The notion of complex valued metric space lead to development in non linear analysis. 
Thereafter, many results have been proved by the researchers in the framework of complex 


valued metric spaces for references (see [7|-[13}). 


2. PRELIMINARIES 


To begin with, we recall some basic definitions, notations, and results. The following 
definitions of Azam et al. [2] are required in the sequel. 

Let C be a set of complex number such that z1,z2 € C. Define a partial order X on C, 
such that z; X 2 if and only if Re(z1) < Re(z2), Img(z1) < Img(z2). 
It follows that 


21 22 


if one of the below mentioned conditions is satisfied: 


((i)) Re(z1) = Re(z2), Img(z1) < Img(z2); 
((i)) Re(a1) < Re(z2), Img(a) = Img(za); 
((iii)) Re(z1) < Re(z2), Img(z1) < Img(za); 
((Giv)) Re(z1) = Re(z2), Img(a) = Img(z2) 


In particular, we will write z1 % 22, if z1 # zg and one of (i), (ii) and (iii) is satisfied. We 


will write z1 < zg if only (iii) is satisfied. 


Remark 2.1. We obtained that the following statements holds: 
e a,be R anda < b implies az X bz, for all z € C; 
© 05 21 3X 22 implies |z1| < |zal; 


@ 2 X 22 and z2 ~ 23 imply 21 ~ z3. 


Definition 2.1. [2] Let X be non-empty set. Suppose that the mapping pe: X x X > C 
satisfies the following conditions: 
(i) 0S pea, y) for all x,y €X and p(a,y) =0 if =y; 
((ii)) pelt, y) = pely, x) for all x,y € X; 
((iii)) polw,y) S polw, 2) + pol2,y) for all x,y, 2 € X. 
Then, pe is called a complex valued metric on X, and (X, pc) is called complex valued metric 


space. 


Definition 2.2. A point x © X is called an interior of a set AC X whenever their exists 
O<reéC such that B(x,r) = {y € X : pe(x,y) <r} CA. 
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Definition 2.3. [2] Let {x,,} be a sequence in X anda € X. If for everyc€ C with0<c, 
there is no € N such that for alln > no, pc(Xn, 2) < c, then {xy} is said to be convergent, 
{an} converges to x and x is the limit of {xn}. We denote this by Jim Ln =x. If for every 
c€ C with 0 = c there is no € N, such that for alln > no, pe(Lm,Lntm) ~< Cc, then {an} is 


called a Cauchy sequence in (X, pe). 


Definition 2.4. [2] If every Cauchy sequence is convergent in (X, pc) then (X, pc) is called 


a complete complex valued metric space. 


Lemma 2.1. [2] Let (X,p.) be a complex valued metric space and let {x} be a sequence in 


X. Then, {x} converges to x if and only if |pc(an,x)| 4 0 as n > ov. 


Lemma 2.2. [2] Let (X,p-) be a complex valued metric space and let {x} be a sequence in 
X. Then {x} is a Cauchy sequence if and only if |pc(&n,Ln4m)| 3 0 as n> co. 
3. SOME RESULTS ON FIXED POINT 


Theorem 3.1. Let (X,p-) be a complete complex valued metric space and S,T: X + X be 


self mappings satisfying the following condition: 


p(x, Sx)pcly,Ty) |, p(x, Sx)pcly, Ty) 
B by 
1+ p-(x,y) 1+ p.(%, 4) + pel@, Ty) + poly, SZ) 


pel Sx, Ty) X ap-(z,y) 4 


for all x,y € X, where a, B,y are non-negative reals witha+B+y<1. Then S,T have a 


unique common fixed point. 


Proof. Let zg € X be any arbitrary point and define x44, = Sxox and op42 = 
Tr2K41.- 
Then, 

Pc(L2k+1, F242) = Pcl Sxo~,TL2%41) 


Pc(L2K, S2k) Pc(T2k41, L'L2K41) 
1+ pec(X2k, ToR+1) 
Pc(©2K, SL2K) Pc(Lon41, L2K-+1) 
1+ pc(2K, Con41) + Pc(®or, Trek41) + Pc(L2k41, 9L2x) 


ZS ape(Lap, Lak41) + B 


ry 
Pc(X2k, Tok+1) Pc(LIk+1; T2k+2) 
1+ pe(®2k, LoK+1) 


Pc(L2k, LIk+1)Pc(Lak-+1, L2k+2) 
1+ pel®2k, Lan+1) + Pc(Lan, L2k+2) + Pc(Loe4+1, Lae+1) 


eh 


Apc(Lok, Lon+1) + B 


Py 


Since, 


Pc(XoK, VoR+1) 
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IA 


1+ pe(oK, Co~41) and 


Pc(Xoe, Corsi) < 1+ pel®ox, Toni) + Pc( Lek, Lon+2): 


Therefore, 


Pc(©2k+1; L2k+2) 


Pc(®2k41; L2k+2) 


Similarly, 


Pcl(®2k4+2,T2k43) = 


es 


fh 


Since, 


XS ape(Lap, Lak41) + Bpc(Lan41, Lae+2) + VPc(Lak+1, Lak+2) 
a 

ee . 

< [37 7 Pe(@ak, @2k-+1) 


Pcl(©2k4+3, L2k+2) = Pc(SL2k+2, TL2K41) 
Pc(@oK+2, SLon+2)Pc(Tak41, 2 L2k41) 
1+ pe(®2K42, L2K41) 
Pc(L2Kn42, SX2k+2) Pe(Lak41, FX2K+1) 
1+ pel@ok+2, L2k41) + Pc(Lan+2, FVon+1) + Pc(®an4+1, StaKn+2) 


Ape(L2k+2, Lak41) + B 


ry 


Pc(L2Kn42, L2k+3) Pc(Tak+1, Lak+2) 
Apc(T2r+2; oe+1) + B 
c(@2k+20@2e+1) 4 1+ pe(2K42, L2k-41) 
Pc(LoK+42; L2k+3)Pc(Lak+1; L242) 
1 + pc(®on+2, Lak+1) + Pc(Lan42; Ton42) + Pc(Lae+1, L2k+3) 


ry 


Pc(©on42, C241) < 14+ pe(*en+2, 2k41) and 


Pc(Gon+2,Tok41) < 1+ pc(Xap+e, Corsi) + Pel Tek+1, L2k+3)- 


Therefore, 


Pc(L2K425 L2k+3) 


Pc(L2K425 L2k+3) 


Pc(©2k4+2, 2k+3) 


a 
Assume, h = 


he Be a 


S  Apc(Lop42, Lok41) + Bec(Lon42, ok4+3) + VPc(®on+25 Lon+3) 


a 
Ss —m— Pela ,x 
Sag 7 Pel 2k+2s L2+1) 
or 

a 
<x ——¢,("£ ,x , 
oan ae 7 Pel Ok+1 L2k+2) 


<1, we have 


PclEn+15€n42) 3 hd(tp,In+1) B.S A™t* 9.(@0, 21): 


SOME FIXED POINT PROBLEMS IN VARIOUS SPACES 5 


For some m > n, we have 


pel@e. Lv) - DADA. Padi) = Pleevis Ps) Sessa Sk: Pcl Bm ais tm) 
S [Pea + ER) pelo, 21) 
hr 
= | Pc(Xo, £1). 


This implies, 


n 


1 ‘| |Pc(xo, £1)| 2 0, as m,n —+ ©. 


h 
Te Ren ee | 


Hence, {x7} is a Cauchy sequence. Since X is complete complex valued metric space, therefore 
there exists u € X such that x, — u, we shall show that u = Su. To prove that p-(u, Su) = 


z > 0. Therefore, by using triangle inequality, we have 


pc(u,Su)=z2Z DS pe(u, Lop42) + Pc(Lan+2, Su) 
DS Pelt, LoR4+2) + Pe(TL2K41, Su) 
Pc(u, Su) Pc(Xan41, L241) 
XS pclU, Lon42) + Apc(Toe41, U) + B 
Pel ) (Pett, 4) 1 + pe(®on41, U) 
o pel, Su) pc(Tar41, FL2K+1) 
1+ pe(tan41,U) + pe(®ant1, Su) + pe(u, Txr2%41) 
ZPc(LIk+1, LAk+2 
SS pclu, Lo¢+2) + Opc(Lon41, u) + B Pel ake +2) 


1 + pc(2%41, U) 
is zd (X2¢41,T2k-+2) 
1+ pe(or+1,U) + Pc(Tak41,U) + Pc(u, La¢+2) 


This implies, 


12||ec(@2n+41, L2k-+2)| 
[1 + pe(2x%+1, %)| 


Ipc(u,Su)| < |pe(u, ®2n42)| + a|pc(@ee¢1, u)| +B 


|2||Pc(@2K+1, T2k+2)| 
Jl + pe(Xop41,U) + Pe(U, Loe42) + Pe(ToK41, U)| 


ry 


Letting k + oo, we have |p,(u, Su)| < 0, hence p,.(u, Su) = 0. That is z = 0, a contradiction. 
Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can 
show that u = Tu. Therefore, u is a common fixed point of S and T. 

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider 


u* = u be another common fixed point of S and T. 
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Therefore, 


pe(u,u") = pe(Su,Tu") 


ay, ghe(u, Su)pc(u, Tu) 
MM Oa at) 


pc(u, Su) pe(u, Tu*) 
coe pe(u, u*) + pe(u, Tu*) + pe(u*, Su) 
A Giplue \s 


th 


This implies (1 — a)p-(u, u*) X 0 and hence, (1 — a)|p.(u, u*)| < 0. 
Therefore, p-(u,u*) = 0 and hence, u = u*, which implies uniqueness. Thus u is a unique 


common fixed point of S and T. 


Corollary 3.1. Let (X,p-) be a complete complex valued metric space and T: X + X bea 
self mapping satisfying the following condition: 


p(x, Tx)pcly,Ty) | pe(x, Tx) pely, Ty) 
1+ p-(x,y) 1+ pe(@,y) + pele, Fy) + pely, Fx) 


for all x,y € X, where a,$,y are non-negative reals witha+ 6+y< 1. Then T has a 


pe(Tx, Ty) X ape(z, y) + 6 


unique fixed point. 


Corollary 3.2. Let (X,p-) be a complete complex valued metric space and T : X + X bea 
self mapping satisfying the following condition: 


pe(@,T"2)pcly,T’y) | P pe(z, Tx) pcly, Ty) 
1+ p-(x, y) 1+ p-(x,y) + pela, T”y) + pely, T?2) 


for all x,y € X, where a,8,y are non-negative reals witha+ b+y< 1. Then T has a 


p(T"x, T”y) = Ape(x, y) B 


unique fixed point. 


Proof. By Corollary [3.1] we obtain 7 € X such that T"7 = 7. 


The result then follows from the fact that, 


p(T", n) = pelTT’n, Tn) = p(T" n, Tn) 
p(T'n, T°T)d(n, Tn) 
S ap-(Tn,n) +8 
( ) 1+ pe(T'n, 1) 


pe(Tn, T°Tn)d(n, T”n) 
1+ pe(Tn, 9) + p(n, Ty) + d(n, T"Tn) 
p(T, T"Tn)d(n, n) 
ap(Tn,n) + 8 
( ) 1+ p-(Tn, 7) 
p(T, T”Tn)d(n,n) 
1+ pen, 9) + pclTy, Ty) + dy, T°Tn) 


= ap-(Tn,) 


ry 


ox 


ry 
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Therefore, (1 — a)p.(T'n, 7) X 0, this implies, (1 — a)|p-(T'n,7)| < 0, hence p.(T"n, 7) = 0. 


Thus, 7 is a fixed point of 7’. On the same lines of Theorem|3.1} we can prove the uniqueness. 


Theorem 3.2. Let (X,p-) be a complete complex valued metric space and S,T : X + X be 


self mappings satisfying the following condition: 


p(x, Sx)pcly,Ty) j p(x, Sx) pcly, Ty) 
1+ pe(x,y) 1+ pe(x, Sx) + pely, Ty) 


pl Sx, Ty) X ape(x,y) + B 


for all x,y € X, where a, B,y are non-negative reals witha+B+y<1. Then S,T have a 


unique common fixed point. 


Proof. Let x € X be any arbitrary point and define 9,41 = Sxvox and ®op42 = 


T2241. Then, 


Pc(Lon41, C242) = Pcl Sxo~,T L241) 
Pcl ©, SXo~) Pc(Lon415 T ToK-+41) 
1+ pe(®2k, L2n+1) 


iy Pcl Xk, SL2k) Pc(Lan41, 1 F241) 
T 
1+ pc(X2~, Sox) + Pc(X2n41, T£2K41) 


fh 


Apc(LoK, Lan41) + B 


Pc(L2k, LoR+41)Pc(Lok-+1; L2k+2) 
1+ pe(@oK, To¢-41) 
Pcl @2k, C241) PclTI2k+1, L2k+2) 
1+ pe(@2K, Lon41) + Pe(Lok+1, L2k+2) 


es 


Apc(LaK, Tan41) + B 


| 
T 


Following cases arises, 


Case 1. If, 


Pc(©on,L2n41) < 14+ pel(xe~, Lo~+1) and 


PclZon41,okn42) < 1+ pe(®ox, Gon41) + Pc(©on+1, Cak+2)- 


Therefore, 


fh 


Apc(L2k, Lon+1) + Bpc(®ak41, L2ak+2) + VPc(L2k, Lok+1) 


a+y 
Pc(X2k, T2k-+1) 


1-6 


Pc(L2k41, L2k+2) 


fh 


Pc(Lok41, L2k+2) 
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Similarly, 


Pcl Lon+2,02k+3) = Pcl SXon+2,TLoK41) 


(op+2, SX 242) Pc(Lon+41, TX 2%+41) 
1+ pc(®2K42, L2k-+1) 

Pc(@2k-+2, SL2k+2)Pe(Lak41, FL2K41) 

STA pel 2n+2, S@2K42) + pe(Gar+1, T2241) 


eh 


p 
Ope(2Kn+42, F241) + B— 


Pc(L2K42, L2k+3)Pc(Tak+1, Lok+2) 
B 
1+ pe(2Kn42, L2K41) 
Pc(X2k+21 C2k+3)Pc(LIk+1; LIk+2) 
T 
1+ pe(@2K42;T2Kn+3) + Pc(Lon41, T2K+2) 


es 


Ope(X2K42, L2k41) 4 


Since, 


Pc(®on42, C241) < 1+ pel(*on+2, Lok41) and 


Pc(@on42, C243) < 1+ pel(ten+e, Var+3) + Pc(Tek+41, Vak+2)- 


Therefore, 


es 


Ape(LoK41; £2442) = BPc(Lon42; 1443) + VPc(Lok+1) ©2442) 


ary 
Pc(©an42)T2n43) XS 1— gPo(@ab+1s @an+2): 


Pc(©2k425 L2k+3) 


at+y 
=p 


Assume, h = 


<1, we have 


Pe(En41, £n42) hd(an,@n41) Rae h”*? p.(x0, £1). 


For some m > n, we have 


Pel tis en) a Pelee, faci) + Peltrcis Bara) Fee AB (AG gy ey eee 
S [AT + aeth +. +R] 0c(a0, £1) 
hn 
= a Pc(Z0, 21). 


This implies, 
n 


h 
me I 


1 | |Pc(@o, 1)| me 0, as m,n —+ Oo. 


Hence, {x,,} is a Cauchy sequence. Since X is complete complex valued metric space, therefore 


there exists u € X such that x, — u, we shall show that u = Su. To prove, consider 
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pc(u, Su) = z > 0. Therefore, by using triangle inequality, we have 


pe(u,Su)= 2 XS pelt, Lon42) + pc(T2n+2, Su) 


oN 


Pc(U, Lop42) + Pe(Tron41, Su) 


Pc(u, SU) pe(Xon41, PF %2K41) 
1 + Pc(Lok+1; u) 


SS pclu, Lop42) + Opc(Lon41, U) + B 


My pel, SU) pe(Tan41, F2K+1) 
1+ pc(u, Su) + pe(on+1, 2241) 


ZPc(Lon4+15T2K+2) 
14 pe(XoK41, U) 


es 


Pc(U, Lop42) + Ape(Lok41,U) + B 


e ZPc(L2k-+1, L2k+2) 
T e 
L+ 2+ pel 2n41, L2n+2) 


This implies, 


12||Pc(®2n+41, T2k+2)| 
[1 + pe(2x%+1, ¥)| 


lec(u, Su)| ZS |pc(u, Lar42)| + a] pce(Tae-41, u)| + B 


|2||Pc(T2k41, L2k+2)| 
JL + 2+ pe(Ton+1, T2%+2)| 


ry 


Letting k — oo, we have |p,(u, Su)| < 0, hence p,.(u, Su) = 0. That is z = 0, a contradiction. 
Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can 
show that u = Tu. Therefore u is a common fixed point of S and T. 

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider 
u* = u be another common fixed point of S and T. 


Therefore, 


Pc(u, wu") pe(Su, Tu") 
(u, Su)pc(u,Tu*) | pe(u, Su) pe(u, Tu*) 


1+ pe(u, u*) meee pe(u, Su) + pe(u, Tu*) 


oN 


ape(u, u*) + BP 


Ss pela"). 


This implies (1 — a)p¢(u, u*) X 0 and hence, (1 — a)|pe(u, u*)| < 0. 
Therefore, p.(u,u*) = 0 and hence, u = u*, which implies uniqueness. Thus, u is a unique 
common fixed point of S and T. 


Case 2. If, 


IA 
| 


Pc(L2K5 LoKn-41) + Pc(L2K, To~41) and 


IA 
a 
| 


Pc(L2K5 LoKn-+1) + Pc( Lok, Tae41) + Pcl Lak+15 L2k+2): 
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Therefore, 


Pc(LoKn+1, L2k+2) = ApPe(LoK, Lon+1) + BPcl®on+15 Con42) + VPc(Lon41, L2k+2) 
a 
Pc(Ca¢+1,T2K42) XS To Beaks Hak). 
Similarly, 
Pcl(@2k4+2,T2k+3) = Pcl SXoa~+2, TrK41) 
Pcl ®2k-+2, SL2k42) Pc(Lak41, PLaK41 
S ape(®on+2, Lar41) + B cla +2) Pel @ak+ +1) 
1+ pe(2K42, L2k41) 
Pe(@2k-+2, SL2k+2)Pc(Lae41, FL2K41) 
T 
1+ pe(Gon+2, Son42) + Pe(Con+1, L2K+41) 
PAT2k+2; C2k43) Pcl L2k+1, T2k+2 
S apc(®on+2, Car41) + B cl ak +3)Pcl@ak+ +2) 
1+ pe(X2Kn42, L2k41) 
Pe(X2k4+21 T2k-+3)Pe(LIk+1; LIk+2) 
T 
1+ Pe(®2K42; T2k+3) + Pc(L2k-+1, L2k+2) 
Since, 
Pcl@on42, C241) < 14+ pel(*on+2, F2k41) and 
Pc(@on42, C241) < 1+ pe(ten+e, Lar+3) + Pc(ek+41, Vak+2)- 
Therefore, 


es 


OPe(Lon41, Lok+2) + Bpc(Lop42, Lok+3) + VPcl(®2K+25 Con+3) 


Qa 
Pc(La¢+2)T2n43) ZS To Bay Pelt2es ©2¢41) Pel T2k+15 L242): 


Pc(©2k425 L2k+3) 


Qa 
Assume, h = ——~—— < l, we have 


De pea 
pel Geis tnye) = Ndeminyi) S Sh* pea0, 21): 
For some m > n, we have 
DAL ce) = Peli, rZore =F peltpaas Tc5) sf sete Se Fae spent eae 
SR A en EA pero, zi) 


[| eono. 


oN 


This implies, 
n 


| |Pc(Z0,21)| 40, as m,n > oo. 


h 
iene = | 
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Hence, {x,,} is a Cauchy sequence. Since X is complete complex valued metric space, therefore 
there exists u € X such that x, — wu, we shall show that u = Su. To prove, consider 


pe(u, Su) = z > 0. Therefore, by using triangle inequality, we have 


pc(u,Su)=zZ ZS pe(u, Lop42) + Pc(Lan+2, Su) 


fh 


Pelt, LoK42) + pe(Tx2n41, Su) 


belt Su) pc(@an+1, Tr2%41) 
1 + pe(®on41, U) 


oN 


Pc(U, Lop+2) + Ape(Lon41,U) 4 


= pc(u, Su) pc(Tan+41, F241) 
1+ pc(u, Su) + pe(ton+1, 7 22Kn+1) 


g ZPc(L2k+1, T2k+2) 
1 + pe(®on41, U) 


oN 


Pc(U, Lon42) + ape(Ton41, U) 4 


ZPc(L2k+1, Tok+2) 
L+ 2+ pel X2K41, L2K+2) 


rey 
This implies, 


Z||Pc\ ©2k+1, L2k+2 
|z||ec( )I 
|1 a Pe(2k+15 U)| 


lec(u, Su)| SX |pc(u, Lar¢2)| + a] pce(Ta¢-+1, u)| + B 


|2||Pc(T2k41, L2k+2)| 
[L + 2+ pe(aor+1, C2K-+2)| 


ry 


Letting k + oo, we have |p,-(u, Su)| < 0, hence p-(u, Su) = 0. That is z = 0, a contradiction. 
Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can 
show that u = Tu. Therefore u is a common fixed point of S and T. 

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider 


u* = u be another common fixed point of S and T. Therefore, 


pe(u,u") = pe(Su, Tu") 


pe(u, Su)pe(u,Tu*) pe(u, Su) pe(u, Tu*) 
1+ p-(u, u*) al ee pe(u, Su) + pe(u, Tu*) 


es 


ape(u,u") + B 


Ss pelt) 


This implies (1 — a)p,-(u, u*) XS 0 and hence, (1 — a)|p_-(u, u*)| < 0. Therefore, pe(u, u*) = 0 
and hence, u = u*, which implies uniqueness. Thus, u is a unique common fixed point of 5 


and T. 


Corollary 3.3. Let (X,p-) be a complete complex valued metric space andT: X + X bea 


self mapping satisfying the following condition: 


pclx,Tx)pcly,Ty) , pe(@,Tx)pely, Ty) 


pc(Tx, Ty) X ape(z,y) + B 
1 + pe(x,y) 1 + pe(xz, Tx) + pe(y, Ty) 
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for all x,y € X, where a,8,y are non-negative reals witha+ 6b+y< 1. Then T has a 


unique fixed point. 


Corollary 3.4. Let (X,p-) be a complete complex valued metric space and T: X + X bea 
self mapping satisfying the following condition: 


p(x, Ix) ply, Ty) | p(x, T"x) ply, Ty) 


p(T"2,T”y) S ape(x,y) + B 


for all x,y € X, where a,8,y are non-negative reals witha+ 6b+y< 1. Then T has a 


unique fixed point. 


Proof. By Corollary [3.3] we obtain 7 € X such that T"7 = 7. 


The result then follows from the fact that, 


pln) = pelt a. Ty) = pdt Ty, Tq) 
2 wigs) belt ,I°Tn)d(n, Tn) | . p(T, T"Tn)d(n, Tn) 
oe eee a 1+ p(T, n) "Lt pe(Tn, T"Tn) + d(n, T"7) 
er) bel? mI°Tn)d(n.n) | p(T, T"Tn)d(n, 1) 
ee L+p(Tn,n) | ‘1+ pe(Tn, TT) + d(n, T"n) 
= ap-(Tn,n). 


Therefore, (1 — a)pc(T'n, n) X 0, this implies, (1 — a)|p-(T',7)| < 0, hence p(T", n) = 0. 


Thus, 7) is a fixed point of T. On the same lines of Theorem[3.2| we can prove the uniqueness. 


4. DEDUCTION 


Theorem 4.1. [Azam et al.] Let (X, pc) be a complete complex valued metric space and 
let the mappings S,T': X + X satisfy: 


Lpc(ax, Sx) ply, Ty) 
I as pe(@, y) 


pe(Sa, Ty) X Ape(a,y) 4 


for all x,y € X, where A, w are non-negative reals with A+ <1. Then S,T have a unique 


common fixed point. 


Proof. The required result can be obtained by assuming y = 0 in Theorem and 
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CONFORMAL 7-RICCI SOLITONS IN 6- LORENTZIAN TRANS 
SASAKIAN MANIFOLDS 


MOHD DANISH SIDDIQI* 


ABSTRACT. The object of the present paper is to study the d-Lorentzian Trans Sasakian 
manifolds admitting the conformal 7-Ricci Solitons and gradient conformal Ricci soliton. It 
is shown that a symmetric second order covariant tensor in a 6-Lorentzian Trans Sasakian 
manifold is a constant multiple of metric tensor. Also an example of conformal 7-Ricci 
soliton in 3-dimensional 6-Lorentzian Trans Sasakian manifold is provided in the region 


where 6-Lorentzian Trans-Sasakian manifold expanding. 


1. INTRODUCTION 


In recent years the pioneering works of R. Hamilton [22] and G. Perelman [34] towards 
the solution of the Poincare conjecture in dimension 3 have produced a flourishing activity in 
the research of self similar solutions, or solitons, of the Ricci flow. The study of the geometry 
of solitons, in particular their classification in dimension 3, has been essential in providing a 
positive answer to the conjecture; however in higher dimension and in the complete, possibly 
noncompact case, the understanding of the geometry and the classification of solitons seems 


to remain a desired goal for a not too proximate future. 
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In the generic case a soliton structure on the Riemannian manifold (M, g) is the choice of 
a smooth vector field X on M and a real constant satisfying the structural requirement 


1 
Ric+ gbx9 = 9, (1.1) 


where Ric is the Ricci tensor of the metric g and £Lxq is the Lie derivative of this latter in 
the direction of X. In what follows we shall refer to \ as to the soliton constant. The soliton 
is called expanding, steady or shrinking if, respectively, \ > 0, A = 0 or \ > 0. When X is 
the gradient of a potential 7 € C°°(M), the soliton is called a gradient Ricci soliton [13] and 


the previous equation (1.1) takes the form 
VV =S +g. (1.2) 
Both equations (1.1) and (1.2) can be considered as perturbations of the Einstein equation 
Ric = dg. (1.3) 
and reduce to this latter in case X or Vw are Killing vector fields. When X = 0 or w is 


constant we call the underlying Einstein manifold a trivial Ricci soliton. 


Definition 1.1. A Ricci soliton (g,V,A) on a Riemannian manifold is defined by 
Lyg +25 +2 =0, (1.4) 


where S is the Ricci tensor, Ly is the Lie derivative along the vector field V on M and 
is a real scalar. Ricci soliton is said to be shrinking, steady or expanding according as 


A <0,A =0 and X > 0, respectively. 


It is well know fact that, if the potential vector filed w is zero or Killing then the Ricci 
soliton is an Einstein real hypersurfaces on non-flat complex soace forms [11]. Motivated 
by this in 2009, J.T. Cho and M. Kimura [12] introduced the notion of 7-Ricci solitons and 
gave a classification of real hypersurfaces in non-flat complex space forms admitting 7-Ricci 


solitons. 
Definition 1.2. An 7-Ricci soliton (g,V,,) on a Riemannian manifold is defined by 
Lxg+2S + 2Ag + 2un @7 = 0, (1.5) 


where S is the Ricci tensor, £x is the Lie derivative along the vector field X on M and 
A is a real scalar. In particular ~ = 0 then the data (g, €, A) is a Ricci soliton. 


In [19], A.E. Fischer introduced a new concept called conformal Ricci flow which is a 
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variation of the classical Ricci flow equation that modifies the unit volume constraint of that 
equation to a scalar curvature constraint. Since the conformal geometry plays an important 
role to constrain the scalar curvature and the equations are the vector field sum of a conformal 
flow equation and a Ricci flow equation, the resulting equations are named as the conformal 


Ricci flow equations. These new equations are given by 


Ot 2 
BE 8 (0 =) 9; (1.6) 


where R(g) = —1 and p is a non-dynamical scalar field(time dependent scalar field), R(g) is 


the scalar curvature of the manifold and n is the dimension of the manifold MM. 

The conformal Ricci flow equations are analogous to the Navier-Stokes equations of fluid 
mechanics and because of this analogy the time dependent scalar field p is called a conformal 
pressure and, as for the real physical pressure in fluid mechanics that serves to maintain 
the incompressibility of the fluid, the conformal pressure serves as a Lagrange multiplier to 
conformally deform the metric flow so as to maintain the scalar curvature constraint. The 
equilibrium points of the conformal Ricci flow equations are Einstein metrics with Einstein 
constant — . Thus the conformal pressure p is zero at an equilibrium point and positive 
otherwise. 

In 2015, N. Basu and A. Bhattacharyya [1] introduced the notion of conformal Ricci 


soliton and the equation is as follows 


Lyg+28 4 2a (0 )] g=0, (1.7) 


where A is a constant. 
Therefore, It is an interesting and natural to see the condition in case of conformal 7-Ricci 
soliton. From equations (1.5) and (1.7) we are introducing the notion of conformal 17-Ricci 


soliton by the following equation 


2 
Lyg+2S'4 [2a (+ | =) g+2un®n=0, (1.8) 


where S' is the Ricci tensor, Lx is the Lie derivative along the vector field X on M and A 
is a real scalar. In particular 4. = 0 then the data (g,€, A) is a conformal-Ricci soliton [1]. 
The theory of differentiable manifolds with Lorentizain metric is a natural and interesting 
topic in differential geometry. In [24], T. Ikawa and M. Erdogan studied Lorentzian Sasakian 
manifold. Lorentzian Kenmotsu manifold introduced by Mihai et al. [29] and K. Kenmotsu 
[25]. Also Lorentzian para contact manifolds were introduced by K. Matsumoto [28]. Trans 


Lorentzian para Sasakian manifolds have been used by H. Gill and K. K. Dube [21]. In ({48] 
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[49]) A. Yildiz et al. studied Lorentzian a- Sasakian also Lorentzian-Sasakian manifolds and 
Lorentzian 3-Kenmotsu manifold studied by Funda et al. in [47]. After that in 2011 S. S 
Pujar and V. J. Khairnar [35] have initiated the study of Lorentzian Trans-Sasakian mani- 
folds and studied the some basic results with some of its properties. Earlier to this , S. S. 
Pujar [36] has initiated the study of d-Lorentzian a Sasakian manifolds. In [16 ]| U. C. De 
also studied properties of curvatures in Lorentzian Trans Sasakian manifolds. 

The study of manifolds with indefinite metrics is of interest from the standpoint of physics 
and relatively. In 1969, Takahashi [42] has introduced the notion of almost contact metric 
manifolds equipped with pseudo Riemannian metric. These indefinite almost conatct metric 
manifolds and indefinite Sasakian manifolds are known as (¢)-almost contact metric mani- 
folds [46]. The concept of (¢)-Sasakian manifolds was initiated by Bejancu and Duggal [4]. 
U. C. De and A. Sarkar [14] studied the notion of (¢)-Kenmotsu manifolds. S.S. Shukla and 
D. D. Singh [38] extended the study to (€)-Trans-Sasakian manifolds with indefnite metric. 
Siddiqi et al. [39] also studied some properties of Indefinite trans-Sasakian manifolds which 
is closely related to this topic. The semi-Riemannian manifolds has the index 1 and the 
structure vector field € is always a time like. This motivated the Thripathi and others [43] 
to introduced (¢)-almost para contact structure where the vector filed € is space like or time 
like according as (€) = 1 or (€) = —1. 

When M has a Lorentzian metric g, that is, a symmetric non degenerate (0,2) tensor 
field of index 1, then M is called a Lorentzian manifold. Since the Lorentzian metric is of 
index 1, Lorentzian manifold M has not only spacelike vector fields but also timelike and 
lightlike vector fields. This difference with the Riemannian case give interesting properties 
on the Lorentzian manifold. A differentiable manifold M has a Lorentzian metric if and 
only if M has a 1- dimensional distribution. Hence odd dimensional manifold is able to have 
a Lorentzian metric. Inspired by the above results In 2014, S. M Bhati [2] introduced the 


notion of 6-Lorentzian Trans Sasakian manifolds. 


In 1925, Levy [26] proved that a second order parallel symmetric non-sigular tensor in real 
space forms is proportional the metric tensor. Later, R. Sharma [37] initiated the study of 
Ricci solitons in contact Riemannian geometry . After that, many authors extensively studied 
Ricci soliton (see [8], [9], [10], [23], [80], [31], [40], [41]). The study of 7-Ricci solitons in (<)- 
almost paracontact metric manifolds have been studied by A. M. Blaga et al. [7]. Recently, 


A. M. Blaga and various others authors also have been studied 7-Ricci solitons in manifolds 
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with different structures (see [5], [6], [37]). Recently K. Venu et al. [45] study the 7-Ricci 
solitns in trans-Sasakian maanifold. In 2016, T. Dutta et al. [17] studied conformal Ricci 
soliton in Lorentzian a-Sasakian manifols. It is natural and interesting to study Conformal 7- 
Ricci soliton in 6-Lorentzian Trans-Sasakian manifolds. In this paper we derive the condition 
for a 3 dimensional 6-Lorentzian Trans-Sasakian manifold as a confromal 7-Ricci soliton and 
derive expression for the scalar curvature. Moreover, in the last section studied the gradient 


conformal Ricci soliton for a 3 dimensional 6-Lorentzian Trans-Sasakian manifolds. 


2. PRELIMINARIES 


Let M be an 6-almost contact metric manifold equipped with 6-almost contact metric 
structure (¢,€,7, 9,6) consisting of a (1,1) tensor field ¢, a vector field €, a 1-form 7 and an 


indefinite metric g such that 


G( OX, OY) = G(X, Y) + 6n(X)n(Y), n(X) = 49(X,€), 9(€,8) = —4, (2.10) 
for all X,Y € M, where 6 is such that 6? = 1 so that 6 = +1. The above structure 


(¢,§,7,g,6) on M is called the 6 Lorentzian structure on M. If 6 = 1 and this is usual 
Lorentzian structure [35] on M, the vector field € is the time like [43], that is M contains a 
time like vector field. In [44], Tanno classified the connected almost contact metric manifold. 

In [20], Grey and Harvella was introduced the classification of almost Hermitian manifolds, 
there appears a class W4 of Hermitian manifolds which are closely related to the conformal 
Kaehler manifolds. The class Cg @C;5 [32] coincides with the class of trans-Sasakian structure 
of type (a, 3). In fact, the local nature of the two sub classes, namely Cg and Cs of trans- 
Sasakian structures are characterized completely [27]. 

An almost contact metric structure on M is called a trans-Sasakian (see [3], [32]) if 
(M x R,J,G) belongs to the class W4, where J is the almost complex structure on M x R 
defined by 


1(x.£5) = (#00 - £60205) 


for all vector fields X on M and smooth functions f on M x R and G is the product metric 


on M x R. This may be expressed by the condition 


(Vx@)Y =al(g(X,VY)E— n(V)X) + B(G(OX, YE — (VOX) (2.11) 
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for any vector fields X and Y on M, V denotes the Levi-Civita connection with respect to g, 
a and 2 are smooth functions on MW. The existence of condition (2.3) is ensure by the above 
discussion. 

With the above literature now we define the d-Lorentzian trans-Sasakian manifolds [2] as 


follows. 


Definition 2.1. A 6-Lorentzian manifold with structure (¢, €,1,g,6) is said to be 6-Lorentzian 


trans-Sasakian manifold of type (a, 3) if it satisfies the condition 
(Vx@)¥ = a(g(X, YE — 6n(V)X) + B(g(OX, VE — 6n(¥) OX). (2.12) 


for any vector fields X and Y on M. 

If 6 = 1, then the 6-Lorentzian trans Sasakian manifold is the usual Lorentzian trans 
Sasakian manifold of type (a, 3) [82]. 6-Lorentzian trans Sasakian manifold of type (0,0), 
(0,8) (a,0) are the Lorentzian cosymplectic, Lorentzian 6-Kenmotsu and Lorentzian a- 
Sasakian manifolds respectively. In particular if a = 1, 6 = 0 and a = 0, 6 = 1, the 


6-Lorentzian trans Sasakian manifolds reduces to 6-Lorentzian Sasakian and 6-Lorentzian 


Kenmotsu manifolds respectively. Form (2.12), we have 
Vxé = 6 {-ad(X) — A(X + 0(X)E}, (2.13) 


and 
(Vxn)¥ = ag(oX,Y) + Blg(X,Y) + 6n(X)n(¥)]. (2.14) 


In a 6-Lorentzian trans Sasakian manifold M, we have the following relations: 
R(X, Y)E = (a? + 8)[n(Y)X — (X)Y] + 2aBln(V) OX — n(X)4Y] (2.15) 


+6[(Ya)oX — (Xa) ¥ + (YB)G*X — (XB)¢°Y] 


S(X,€) = [((n — 1(a? + 8?) — (€8)]n(X) + 4((@X)a) + (n — 2)5(X8B), (2.16) 


QE = d(n — 1)(a* + 6”) — (E8))E + 56(grada) — 5(n — 2)(grads), (2.17) 


where R is curvature tensor, while Q is the Ricci operator given by S(X,Y) = g(QX,Y). 


Further in an 6-Lorentzian trans Sasakian manifold , we have 
d¢(grada) = 6(n — 2)(gradB), (2.18) 


2a8 — 6(€a) = 0. (2.19) 
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Using (2.15) and (2.18), for constants a and { , we have 


R(E,X)¥ = (a? + B*)[59(X, YE - n(¥)X], (2.20) 

R(X, YE = (a? + 8?) [n(Y)X — 0(X)Y], (2.21) 
(R(X, Y)Z) = 5(a* + 6?)[g(¥, Z)n(X) — 9X, Z)n¥)], (2.22) 
S(X, €) = [((n — 1(a? + 8?) — 6(E8)|n(X), (2.23) 

QE = [(n— 1)(a? + 8?) — (EB)IE. (2.24) 


An important consequence of (2.21) is that € is a geodesic vector field. 
VeE = 0. (2:25) 
For arbitrary vector field X, we have that 
dn(€,X) =0. (2.26) 


The €-sectional curvature K¢ of M is the sectional curvature of the plane spanned by € and 


a unit vector field X. From (2.21), we have 
Ke = g(R(E,X),€,X) = (a? + 8?) — d(€8). (2.27) 
It follows from (2.27) that €-sectional curvature does not depend on X. 


3. CONFORMAL 7/-SOLITONS ON (M, ¢,&,1, 9,6) 


In the study of the conformal 7-Ricci soliton equation we will consider certain assumptions, 
one essential condition being V€ = I¢(M) +7 € which naturally arises in different geometry 
of 6-Lorentzian trans-Sasakian manifolds. 

An important geometrical object in studying Ricci solitons is a symmetric (0, 2)- tensor 
field which is parallel with respect to the Levi-Civita connection 
Fix h a symmetric tensor field of (0,2)-type which we suppose to be parallel with respect to 


the Levi-Civita connection V that is Vk = 0. Applying the Ricci commutation identity [18]. 
V2h(X,Y; Z,W) — V2h(X,Y; W, Z) =0, (3.28) 
we obtain the relation 
h(R(X, Y)Z,W) + h(Z, R(X, Y)W) =0. (3.29) 
Replacing Z = W = € in (3.29) and using (2.15) and also use the symmetry of h, we have 


2(a? + 8°)[n(Y )h(X, €) — n(X)A(Y, €)] + 26[(Ya)h(OX, €) — (Xa)h(9Y, €)] (3.30) 
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+26[(Y B)h(g?X, €) — (XB)h(@?Y, €)] + 4a8[n(V )h(OX, €) — n(X)AGY, 6)] 
Putting X = € in (3.30) and by virtue of (2.9), we obtain 
— 2[(5€a — 2aB]A(Y, €) + 2[(a? + 67) — 6(EB)][n(Y )AlE, €) — h(¥, €)] = 0. (3.31) 


By using (2.19) in (3.31), we have 
[(a? + 87) — 5(€8)][n(¥ h(E, €) — h(Y, €)] = 0. (3.32) 
Suppose (a? + 6?) — 6(€8) # 0, it results 
h(Y,€) = n(V hE, €). (3.33) 


Now, we can call a regular 6-Lorentzian trans Sasakian manifold with (a?+7)—6(€8) 4 0, 
where regularity, means the non-vanishing of the Ricci curvature with respect to the generator 
of 6-Lorentzian trans Sasakian manifolds. Differentiating (3.33) covariantly with respect to 


X, we have 
(Vxh)(Y,€) + A(VxY, €) + AY, Vx€) = [d9(VxY, €) + 69(Y, Vx€)|A(E, €) (3.34) 


+7(Y)[(Vxh)(¥, €) + 2A((V x6, §)]- 


By using the parallel condition Vh = 0, 7(Vx€) = 0 and by the virtue of (3.33) in (3.34), 


we get 
Now using (2.13) in the above equation, we get 
— ah(Y, @X) + BOR(Y, X) = —ag(Y, OX )h(E,€) + Bdg(Y, X)h(E, &). (3.35) 
Replacing X = ¢X in (3.35) and after simplification, we get 
A(X, Y) = 6g(X, Yh, &), (3.36) 


which together with the standard fact that the parallelism of h implies that h(£,€) is a 


constant, via (3.33). Now by considering the above equations, we can gives the conclusion: 


Theorem 3.1. Let (M,¢,&,17, 9,6) be an 6-Lorentzian trans Sasakian manifold with non- 
vanishing &-sectional curvature and endowed with a tensor field h € T(T3(M)) which is 
symmetric and o-skew-symmetric. If h is parallel with respect to V then it is a constant 


multiple of the metric tensor g. 
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Definition 3.1. Let (M,¢,€,7,g,6) be an d-almost contact metric manifold. consider the 


equation 


2 
Leg + 28 4 [2a € =) gt 2un® = 0, (3.37) 
where L¢ is the Lie derivative operator along the vector field €, S is the Ricci curvature tensor 
field of the metric g and X and yw are real constants. For u #0, the data (g,€,A, “) will be 


called conformal Ricci-soliton. 


Remark 3.1. If the scalar curvature —3(p + 2) of the manifold is constant, then the con- 
formal n-Ricci soliton (4g, €, {X — 5(p + 2)} , 1) reduces to an n-Ricci soliton and, moreover, 
if u =0, to a Ricci soliton (4g, €, {X — 5(p + 2)}), Therefore, the two concepts of Conformal 


n-Ricct soliton and n-Ricci soliton are distinct on manifolds of non constant scalar curvature. 


Writing Leg in terms of the Levi-Civita connection V, we obtain [13]: 


26(X,Y) = —9(Vxé,Y) — 9(X, Vxé) — + |2a— (p+ 2)] gx, ¥) —2un(X)n(V), (3.38) 
2 n 


for any X,Y € x(M). 
The data (g,&,A,) which satisfy the equation (3.37) is said to be conformal n- Ricci 
soliton on M [12] and its called shrinking, steady or expanding according as \ < 0, A = 0 or 


A > 0 respectively [12]. Now, from (2.13) , the equation (3.37) becomes: 


S(X,Y) == 5 |20— (p+ =) +58] XY) + (68 — MANO). 8.30) 
The above equations yields 
s(x,6) =-3 |2- (p+ 2) +n] n00 (3.40) 
QX = ; [laa (o >) 53| X + (85 — pg (3.41) 
Qe = 5 [2 (+ | =) ae (3.42) 
es 5 [2 (0 =) +63) n Cae (3.43) 


where r is the scalar curvature. Of the two natural situations regrading the vector field V: 
V € Span {€} and V LE, we investigate only the case V = €. 


Our interest is in the expression for Leg + 25 + 2un ® 7. A direct computation gives 


Leg(X,Y) = 286[g(X,Y) + (X)n(¥)]. (3.44) 
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In 3-dimensional 6-Lorentzian trans Sasakian manifold the Riemannian curvature tensor is 
given by 
R(X, Y)Z = go (Y, Z)QX — g(X, ZJQY + S(Y, Z)X — S(X, Z)Y (3.45) 
r 
i gla, Z)X _ G(X, Z)Y], 
Putting Z = € in (3.45) and using (2.15) and (2.16) for 3-dimensional 6-Lorentzian trans- 


Sasakian manifold, we get 
(a? + 8?) [n(Y)X — n(X)¥] + 2aB[n(Y)oX — n(X)4Y] (3.46) 
+6[(Ya)oX — (Xa) $Y] + 5[(¥8)d?X — (XB) ¢°Y] 
= [(0* + 6) — (6) In) X — n(X)Y] 
+ dn(VY)QX — 6n(X)QY — d[((GY a) X + (¥B)X] 
+6[((@X)a)Y + (XB)Y]. 
Again, putting Y = € in the (3.46) and using (2.9) and (2.19), we obtain 


QX = [5+ (68) - (0? + 6)| X+ [5 + (Es) -3(07 +8") n(X)E (8-47) 


From (3.47), we have 


S(X,¥) = [5 + (68) — (e? + 6)| 9X.) (3.48) 


, 
+ [5 + (EB) — 3(a? + 6)] dn(X)n(¥). 
Equation (3.48) shows that a 3-dimensional (e, 6)-trans-Sasakian manifold is 7-Einstein. 


Next, we consider the equation 
h(X,Y) = (Leg)(X,¥) + 25(X,¥) + 2un(X)n(¥). (3.49) 
By Using (3.44) and (3.48) in (3.49), we have 


A(X, Y) = [r — 4(a? + 8) + 286] g(X,Y) (3.50) 


+ [8(a? + 8?) — 286 — r] dn(X)n(Y) + 2un(X)n(Y). 
Putting X = Y = € in (2.11), we get 
h(E, £) = 2[26(02 + 6?) — 2p (3.51) 


Now, (3.36) becomes 
h(X, Y) = 2[26(a? + 67) — 2uJdg(X,Y). (3.52) 
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From (3.49) and (3.52), it follows that g is conformal 7-Ricci soliton. 


Therefore, we can state as: 


Theorem 3.2. Let (M,¢,€,1, 9,6) be a 8-dimensional 6-Lorentzian trans-Sasakian manifold, 


then (9,€, {A — 5(p + 2)} if) yields a conformal n-Ricci soliton on M. 


Let V be pointwise collinear with €. i.e., V = b€, where 6 is a function on the 3-dimensional 
6-Lorentzian trans-Sasakian manifold. Then 


g(Vxbé,Y) +.9(Vy be, X) +25(X,Y) + [2a (, =] o(X.Y) + 24n(X)n(Y) =0. 


bg((Vxé,Y) + (Xb)n(¥) + bg(Vvé, X) + (¥b)n(X) 
+25(X,Y) 4 2a € =) g(X,Y) + 2un(X)n(Y) = 0. 


Using (2.13), we obtain 


bg(—dapX — BO(X + (XE, Y) + (Xb)n(¥) + bg(—dagY — BOY + (VE, X) 


+(¥b)n(X) + 25(X,Y) 4 [2a (0 =) g(X, VY) + 2un(X)n(Y) = 0. 
which yields 
— 2bBdg(X,Y) — 2bBdn(X)n(Y) + (Xb)n(Y) (3.53) 


+(Yb)n(X) +. 28(X,Y) 4 2a (o = | (X.Y) 4ounCOR) 0. 


Replacing Y by € in (3.53), we obtain 


(Xb) + (CDI) +2 |2(0? + 6) (8) 4 [2a (, =) 7 2068] n(X). (3.54) 


Again putting X = € in (3.54), we obtain 


€b = —2(a? + B?) + (€8) ; [2a € =) w+ 2bB6. 


Plugging this in (3.54), we get 


(Xb) +2[2(0? + 6%) — (68) — 5 [2a— (p+ =)] + 4 — 2085)n(X) = 0, 


or 


Pees 2a € | =] + w— (EB) + 2((02 + 62) — 2688)n. (3.55) 
Applying d on (3.55), we get {—4 [2A — (p+ 2)] + u— (€8) + 2(a? + B?) — 2085} dn. Since 
dn # 0 we have 


; faa (+ =) + pp — (EB) + 2(a? + B?) — 2686 = 0. (3.56) 
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Equation(3.56) in (3.55) yields b as a constant. Therefore from (3.53), it follows that 


(X,Y) = ( : [2a (0 | =) | 2066 4(X,¥) + (2685 — p)n(X)n(Y), (3.57) 


which implies that M is of constant scalar curvature for constant 2b06. This leads to the 


following: 


Theorem 3.3. If in a 8-dimensional 6-Lorentzian trans-Sasakian manifold the metric g is 
a conformal n-Ricct soliton and V ts positive collinear with €, then V is a constant multiple 


of € and g is of constant scalar curvature provided bG6 is a constant. 


Tanking X = Y = € in (3.36) and (3.48) and comparing, we get 


ee € =) 2(a* + B?) — 6(€B) + w— 2b86 = -2Ke 4 5 (» . =) [L. (3.58) 


n 


1 
r= € 3) + 6(a? + B?) — 36(EB) — 285 + 2p. (3.59) 
Now for conformal Ricci soliton r = —1, so putting this value in the above equation we get 


2 3 
w= — (p42) ~(0? + 9%) + 35168) +96 
Since A is a constant, it follows from (3.57) that K¢ is a constant. 


Theorem 3.4. Let (g,€, 1) be a conformal n-Ricci soliton in (M, ¢,€,n,g,6) a 3-dimensional 


6-Lorentzian trans-Sasakian manifold. Then the scalar G +) tp = —2Ke, r= 6Ke + 
Qu — 3(€8) — 2b86 + (E + 3). 


Remark 3.2. For 4. =0, (3.57) reduces to \ = —2K¢e + (5 + §), so confromal Ricci soliton 


in 3-dimensional 6-Lorentzian trans-Sasakian manifold is shrinking. 


Example 3.1. Consider the 3-dimensional manifold M = Gael res ER?:z4 Oo}, where 


(x,y,z) are the Cartesian coordinates in R® and let the vector fields are 


ie 0 ee e’ O (6) O 
2 On? 7 22 Ay’ 2 Oz: 
where €1, €2, €3 are linearly independent at each point of M. Let g be the Riemannain metric 


defined by 


ej 63 = 


g(e1, 1) = g(e2, €2) = g(e3, 3) = —6, g(e1, €3) = g(e2, 3) = g(e1, €2) = 0, 
where 6 is such that 6? = 1 so that 6 = +1. 
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Let 7 be the 1-form defined by 7(X) = 6g(X,&) for any vector field X on M, and ¢ be 

the (1,1) tensor field defined by ¢(e1) = e2, (e2) = —e1, o(e3) = 0. Then by using 

the linearity of @ and g, we have ¢?X = X + (X)€, with € = e3. Further g(¢X,¢Y) = 

g(X,Y) + 6n(X)n(Y) for any vector fields X and Y on M. Hence for eg = €, the structure 
defines an (6)-almost contact structure in R°. 


Let V be the Levi-Civita connection with respect to the metric g, then we have 


=o"; [X, Z)) ots g(Z, [X, Yi); 


which is know as Koszul’s formula. 


6 6 
Ve1€3 = ~ 3 els Ve2€3 i — 762; Ve €2 = 0, 


using the above relation, for any vector X on M, we have Vx& = 6[—adX — B(X + 7(X)E§)], 


where a = 1 and 8 = —. Hence (¢, €, 7, g) structure defines the d-Lorentzian trans-Sasakian 
structure in R°. 


Here V be the Levi-Civita connection with respect to the metric g , then we have 


6 4) 
[e1, €2] = 0, [e1, e3] = ny [e2, €3] = aus 
z z 
Since g(e1,e2) = 0. Thus we have 
) 
Ve 63 = me +é2, Ve,e2 =0 
z 
6 7) 
Veoe1 =0, Ve,e2 = Des, Ven€3 = Oe, ei 
(0) 
Vez€1 =0, Vez,e2 =0, Vez,e3 = el + €. 
The manifold M satisfies (2.5) with a = 2 and 8 = —2. Hence M is an 6-Lorentzian trans- 


Sasakian manifolds. Then the non-vanishing components of the curvature tensor fields are 


computed as follows: 


5 }6 
R(e1, e3)e3 = Ber, R(e3, €1)€3 = Bey, 

5 }6 
R(e2, €3)e3 = Dei, R(e3, e2)e3 = Fes, 


From the above expression of the curvature tensor we can also obtain the Ricci tensor 


S(e1, €1) = S'(e2, €2) = S(e3, e3) = is) 
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since g(e1,e3) = g(e1,e2) = 0. 
Therefore, we have 
) 
S(e:, e4) = O g(ei.es) 


and the scalar curvature scal = a. fori =1,2,3,anda= ;, B= —2. Hence M is also 


an ELinstein manifold. In this case, from (3.11), computed (e;, e;) as follows 


Dla(eis es) — n(es)n(ea)] + 28(€:,¢%) 4 2a (o =) | alee) + 2untee) = 0 


for all i € {1,2,3}, and we have 


}6 
2 


2(1 — 5;3) 4 25 + (2A — 3-5) + 2p15;3 = 0 


for all i € {1, 2,3} 

Therefore \ = 2 ( — 5 — 9) and wp = ~@ +1, the data (g,,A,) is an conformal 
n-Ricci soliton on (M, ¢,&,1, 9,6). 

Here in this example if 4 = 0, then (g,€,A,) reduce to conformal Ricci soliton for 


vA = 2 € - $ = %) which is positive. Therefore conformal Ricci soliton is expanding for 


4. GRADIENT CONFORMAL RICCI SOLITONS IN 3-DIMENSIONAL 6-LORENTZIAN 


TRANS-SASAKIAN 


Definition 4.1. A Riemannian manifold (M, gq) is said to be conformal gradient Ricci soliton 
if there exist a confromal change of the metric g = e“g, ue C~(M), a function y € C°(M) 


and a constant A € R such that 


Ric+ Hess(w) = Ag (4.60) 


If the vector field V is the gradient of a potential function -y then g is called a conformal 


gradient Ricci soliton and ( 1.2) assume the form 


1 2 
VVy=S4 2a € )] e'g. (4.61) 
2 n 
This reduces to 
1 2 
ove nar +} fa (n+2)]y so 


where D denoted the gradient operator of g. From (4.61) it follows 


R(X, Y)Dy = (VxQ)Y — (VyQ)X. (4.63) 
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Differentiating (3.47) we get 


(wax = 2) 


(X — n(X)E)) — (5 - 3(0? + B))(a(g(GW,X) (4.64) 
+859(W,X) — 68n(X)n(W)) + (X) VE. 


In (4.63) replacing W = €, we obtain 


(V.Q)x = TO (x — (x99). (4.65) 
Then we have 
lV eQ)X ~ (VxQNE8) (4.66) 
ar(6) ar(6) 


= 9( 5 (X ~ (XE, §)) = (G(X, §) — 0(X))) = 0. 


Using (4.65) and (4.64), we obtain 
ARE, X) Dy, €) = 0. (4.67) 
From (2.20) 
g(R(E, Y) Dy, €) = (a + B°)(g(Y, Db) — n(¥)n(Dy)). 
Using (4.66), we get 
(a? + B)(g(¥, Dw) — n(¥)n(Dy)) = 0 
(a + B)(9(¥, Dw) — n(Y)g(Dv,€)) = 0, 
(9(¥, Dv) — oY, €)9(Dv, €)) = 9, 
which implies 
(9(¥, Dv) — oY, €)g(Dyv, €)) = 9, 
which implies 
Dw = (€)E, since a? + 6? 4 —4(E8). (4.68) 


Using (4.67) and (4.61) 


S(X,¥) +5 |20— (p+ =) | eta X.Y) = alVvDE,X) = (Vy (E0)6.X) 
= (&b)9(Vvé,X) + ¥ (Ev)n(X) 
= (€)g(—SadY — 58Y — 65n(¥)E,X) +¥ EV) 
S(X.Y) +5 |20— (p+ =) ] a%¥) = -da(evyglo¥.x) ~ H(EvITN.X) (4.00) 
—OB(Ed)n(¥ )n(X) + ¥(Ed)n(X). 
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Putting X = € in (4.68) and using (2.23) we get 


5(¥,6) +5 [24— (p+ =) etn) = VG) = A+258-+2(024+ 8-8 S))Je%nl¥). (4.70) 


Interchanging X and Y in (4.68), we get 
S(X,Y) 5 [2 (0 | =) 5(X,Y) = —Sa(Ep)g(¥, oX) (4.71) 
—8(G)G(X,Y) — 58(EU)M(YIn(X) + X(EV)n(Y). 
Adding (4.68) and (4.70) we get 
2s(x,v) + [20—(p+=)] aX.) = —265(€H)gXY) YEUX) (472) 
—265(E¥)n(X)m(¥) + X (EWM). 
Using (4.69) in (4.71) we have 
S(X,¥) +5 |20— (p+ =)] aX¥) = —98(6u)la(XY) = XY] (4.73) 
5 [2a (p+ =)] +8 + 2(02 + 6 — 9168) 
(4.74) 


Then using (4.61) we have 
Vy Dy = —6B(Ev)(Y — n(¥é) 


Using (4.73) we calculate 
R(X, Y)Dy = VxVy Dp — VyVxD¢ -VixyjDY 
(4.75) 


—OBX(EW)Y + 5BY (Ev) X 


—dBY (EW) n(X)E + 6BX (Ew) (Y JE 
[2a (> )] 1 5B + 2(0? + 6? i) (Vxn (VE — (Ven (XE) 


E 
5 [2.- (v+2)] +6 + 2602 + 6? —(65))] (Wxe nl )6 — (Wre)nlX)). 


| 


Taking inner product with € in (4.74), we get 
0 = g((X,¥)Dv,6) = 26+ [5 ]20— (p+ =)] +65 +202 + 6? —3(69)] a(6¥. 2). 
(4.76) 
(p+ 2)] + 58 + 2(a? + B? — 5(€B))] =0. 


Thus we have 26a 4 [5 [2A 
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Now we consider the following cases: 
Case (i) da = 0, or 
Case (ii) [[A— (8 +4)] +6 
Case (iti) « = 0 and [[A — (§ + 5)] + 68 + 2(a? + B? — 5(€8))] = 0. 


Case (i) If a = 0, the manifold reduces to a 6-Lorentzian G-Kenmotsu manifold. 


Case (ii) Let [[A — (§ + +)] +68 + 2(a? + 6? — 6(€B))] = 0. If we use this in (4.69) we get 


n 


Y (EW) = —d8(Ew)n(Y). Substitute this value in (4.71) we obtain 


S(X,Y) +5 |20— (p+ =)] o(X¥) = —9(G)M KY) — 258K). (4.77 


Now, contracting (4.76), we get 


2 
r+ : [2a € =) = —368 (Ep) — 268. (4.78) 
Putting n = 3 and for conformal Ricci soliton r = —1 in (4.78) which implies 
1 _P 2 
(ev) = 5 (At 5) - 3 (4.79) 


If r = —1, then (£y) = constant = k(say). Therefore from (4.67) we have Dw = (EW)E = ké. 


This we can write this equation as 


g(Dy, X) = kn(X), (4.80) 


which means that dy)(X) = kn(X). Applying d this, we get kdn = 0. Since dn 4 0, we have 
k = 0. Hence we get Dw = 0. This means that ~ = constant Therefore equation (4.60) 
reduces to 


S(X,Y) = 2(a* + 6? — 5(£8))9(X,Y), 


that is M is an Hinstein manifold. 


Case (iii) Using a = 0 and [5 [2\— (p+ 2)] +68 + 2(a? + 6? — 6(€8))] = 0. in (4.69) we 


n 


obtain Y (Ew) = —d8(Ew)n(Y). Now as in Case (ii) we conclude that the manifold is an 
Einstein manifold. 


Thus we have the following : 


Theorem 4.1. [f a 3-dimensional 6-Lorentzian trans Sasakian manifold with constant scalar 
curvature admits gradient Einstein soliton, then the manifold is either a 6-Lorentzian B- 


Kenmotsu manifold or an Einstein manifold provided a, 0 = constant . 
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In [15] it was proved that if a 3-dimensional compact connected trans-Sasakian manifold is 
of constant curvature, then it is either a-Sasakian or 6-Kenmotsu. Since for a 3-dimensional 
Riemannian manifold constant curvature and Einstein manifold are equivalent, therefore 


from the Theorem 3 (see [15]) we state the following: 


Corollary 4.1. If a compact 3-dimensional 6-Lorentzian trans-Sasakian manifold with con- 
stant scalar curvature admits Ricci soliton, then the manifold is either 6-Lorentzian a- 


Sasakian or 6-Lorentzian 6-Kenmotsu. 


Also in [15], authors proved that a 3-dimensional connected trans-Sasakian manifold is 
locally ¢-symmetric if and only if the scalar curvature is constant provided a and ( are 


constants. Hence from Theorem 3 in [15], we obtain the following: 


Corollary 4.2. If a locally ¢-symmetric 3-dimensional connected 6-Lorentzian trans-Sasakian 
manifold its admits gradient conformal soliton, then manifold is either 6-Lorentzian B-Kenmotsu 


or Einstein manifold provided a, 8 = constant. 
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FINITE TIME BLOW-UP FOR FRACTIONAL TEMPORAL 
SCHRODINGER EQUATIONS AND SYSTEMS ON THE HEISENBERG 
GROUP 


FATIHA BENIBRIR AND ALI HAKEM * 


ABSTRACT. The aim of this research paper is to establish sufficient conditions for the nonex- 
istence of global weak solution to the nonlinear Schrédinger equation on the Heisenberg 
group. The results are shown by the use of test function theory and extended to systems of 


the same type. 


1. INTRODUCTION 


The main purpose of this paper is to present results concerning the local nonexistence of 
solutions for the following nonlinear time fractional Schrodinger equation posed in Heisenberg 
group 

i 9 Dou + Agu = dul? + pa (n) .Vulul?, (1.1) 
equipped with the initial data 
u(n,0) =9(n), 
where wu (7, t) is a complex-valued function, Ag is the Kohn-Laplace operator on the (2 +1)- 
dimensional Heisenberg group, 0 < a < 1, i® is the principal value of 7%, 0 D? is the Caputo 


fractional derivative of order a, \ = Ay + iA, (A1, A2) € R? — {(0;0)}, 
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Le = py + ipa, (41, W2) € R? and p > q > 1. The symbol Vg denotes the gradient over H 


and a(7) = (A1(7); A2(n);...; Aw(n)) € RY is a given vector function, assumed to satisfy 


JTS | LT’, — |Diva(a(TA))| & T”. (1.2) 
Therefore a(n) .V|ul? is the scalar product of a(7) and Vu? and g (7) = gi (7) + tge (7), 
(91 (n) 392 (n)) € R?, g € L'(H). Then we extend our analysis to the 2 x 2 system: 
i? 0 Dou + Agu = Alo? + pa(n) .Valo|? 
PS Devt Ape = Nail ep) Vall? (1.3) 
u(7,0)=g(n); (0) =h(n), 


where 0 << B<a<1;k>o0>1. The vector functions a(7) = (A1(7); Aa(n);...; Aw (7)) and 


b(n) = (Bi (7); Ba(n); ...; By ()) are assumed to satisfy 


Q(a+8) Q(a+s) 
2 


(TA ~T™, — [Dimala(T* 4) ~ 7, 
(1.4) 
(Tee A) T, — |Diva(b(T 3 §))| & T?. 


Our method of proof relies on a method due to Baras and Pierre [4]. It had been remained 
dormant until Zhang ({I6], [17], [18]) revived it. Later, this method has been successfully 
applied in a great number of situations by Mitidieri and Pohozaev [12] and Hakem et al [8]. 
This work is organized as follows. In Section 2, we present some fundamental and basic 


results. In section 3, we prove our main results. 


2. PRELIMINARIES 


For the reader convenience, some background facts used in the sequel are recalled. 
The Heisenberg group H whose points will be denoted by 7 = (x,y,7T), is the Lie group 


(R?“*+! 0) with the non-commutative group operation o defined by 


non =(a+a',yty,7+7' +2(a-y'—2'-y)) 


for all 7 = (a,y,7),n/ = (2',y’,7’) € R® x RY x R, where - denotes the standard scalar 
product in RY. 
This group operation endows H with the structure of a Lie group. 


The Laplacian Aq over H is obtained from the vector fields X; = oa + 2yie and Y; = 


a — 20,2, by 
N 
Au = >> (X? + ¥?). 


i=1 
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Observe that the vector field T = £ does not appear in the equality above. This fact 
makes us presume a ” loss of derivative” in the variable 7. The compensation comes from the 
relation 


[X;,¥;]=—4T, 4,7 © 1,2,3,....,.N. 


The relation above proves that H is a nilpotent Lie group of order 2. Explicit computation 


gives the expression 


N 
ae & e a finer 
Au = 2 (52 git oaon ger D5) 


i=l 


A natural group of dilatations on H is given by 
dx(n) = (Ax, Ay,A’7), A> 0, 


whose Jacobian determinant is \°, where Q = 2N + 2 is the homogeneous dimension of H. 
The operator Aq is a degenerate elliptic operator. It is invariant with respect to the left 


translation of H and homogeneous with respect to the dilations 6,. More precisely, we have 
Au(u(non')) = (Anu)(no 7’), An(uo 5x) = (Anu) 0 6),, 7 € HL. 
The natural distance from 7 to the origin is introduced by Folland and Stein, see [?] 


1 
N 2\ 4 
lle = | 7? + (doe +8) : 


i=1 
The gradient Vy over H is defined by 

Vin = (X1; X9;...X 3 V1; Yo; ...5 Yn). 
Let 


In O 2 
Vale” y 


0 In —22 
where Jy is the identity matrix of size N. Then 
Va = MV pene. 
A simple computation gives the expression 
du\? du \? du\? Ou Ou Ou 
Val? = 4(\2|? + |yl?) | | i i 
Var =ateP+ (5) +o ae) +a) 4a bee a, 


The divergence operator in H is defined by 


Div (u) = Divp2n+i (Mu). 
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To derive the nonexistence of results for the problem (1.1), we shall state some results 
about fractional derivative and fractional integral which will be used in the proof of our main 
results (see for instance [10], [14]). 

Let f € OY), T > 0, be a given function. The Riemann-Liouville left-sided fractional 


integral ol? f of order a > 0 is defined by 


(01?) (0) = Bray f 9° Fas for ae. t€[0;T], 


where [ is the Gamma function. 


The Riemann-Liouville right-sided fractional integral ,/7f of order a > 0 is defined by 


1 T 
If) () = = — t)*" f(s)ds; ee. t€ [0;T]. 
WENO =F f @- OE )ds for ae. te [OT] 

Let 0< a< land f € AC'[0;T], T > 0. The Caputo left-sided and right-sided fractional 
derivatives of order a of f are defined, respectively, by 

(SDEf)@®) =o. ef) for ae. t€[0;TI, 
and 

(CDE Ff) (t) =I *f'(t) for ae. te [0;T). 
The following fractional integration by parts will be used later to define the weak solutions 


to and (1.3). 


Lemma 2.1. Let0<a<1. If f € C[0;T], SD¢f € L1(0;T), g € C1[0;T] and g(T) = 0, 


then 
T 


T 
[ pen wanae= [A - HO) (PDFa) Wet 
The following results will be used several times. 


Lemma 2.2. Let T >0,r>1 and f : [0;T] —> R be the function given by 


Given a complex number z € C. We denote by Rez its real part and by Imz its imaginary 


part. 
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Lemma 2.3. leh Pel (R2N+1) and Jeov+1 fdn > 0. Then there exists a test function 
0<y<1 such that 


a fipdn = 0. 
R2N+1 


Let us set Hr = H x (0,7) and H = H x (0,co) for T > 0. We put 


G(a39(n)) = e08 (SF) guln) — sin () ga(n: 


aT 


G(a; 9(n)) = cos (S) gon) + sin () gu(n). 


3. MAIN RESULTS 
3.1. Case of a single equation. 


Definition 3.1. A locally integrable function u € prnentpiat 


tion to in H7 subject to the initial data g € L'(H) if the equality 


(Hy) is called a local weak solu- 


C Cc 
r |u|? pdndt + iv | g(n) t Dpydndt = a u (« t Dre + due] dndt 
UT Ur UT 


+p |ul*pdivig(a(n))dndt + u | a(n).Vay|ul?dndt 


Hr Hr 


(3.5) 


is satisfied for every test function p € Cy (Hy) with y(.,T) =0. 
Moreover, if T > 0 can be arbitrarily chosen, then u is said to be a global weak solution to 


(r2). 


Now, we are in position to announce our first result: 


Theorem 3.1. Let p>q>1 andg€L'(H). Suppose that one of the following cases holds: 


(D) 


af Gi (a; 9(7))dn > 0, (3.6) 
H 
and 
=0 l<p<l1+ : 
M1 =, Pp NL? 
or 
1 T a—2y 
Lu #0, N<-2+p min | : \. 

p=lap=@) 2a(p—¢) 

(11) 


i i Go(a;g(n))dn > 0, (3.7) 
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and 
= 0 l<p<1+ : 
2 =U, Pp Var 
or 
1 Te a— 2v 
bo #0, N<-2+p min | ; : i 
p—1' a(p—q)’ 2a(p — q) 


Then the problem admits no global weak solution. 


For simplicity, we use C’ to denote a positive constant which may vary from line to line. 
Proof. The proof is by contradiction. For that, let wu be a solution and y be a smooth 


nonnegative test function such that: 


y(n; t) = yi(t)ye(n), (3.8) 


where for T > 0, we take 
t\™ af © ele else 
et=(1- 2)", gat) =o (SPRL AME) 


a 
where w >> 1, m > max {1 mal and $ € C§°(RY) be a cut-off nonincreasing function 


such that 
1,0<r<1 
®(r)=4 \, ,1<r<2 (3.9) 
O,r>2 
Let us set 
_ 7 +lsl*+lyl* 
= Ria . 


Then we have 


Ad” = #F9 (2)? + ly?) ooo" 


+288 ((lel® + lul®) + 2x (le? — [yP) ay + 7? (Jol? + [yP)) onae-t 0) 


+ =D (|r| + [ylS) + 27 (lal? — [yl?) w-y + 7? (lal? + yl?) B22. 


Using the formula [3.5] we get 


Cc 
Re {af luPrednat +i f g(n) t Dispdnat} = Re {uf a(n). Vuplultanat} 
Ur Hey Wer (3.11) 


Cc 
+Re{ [uli t Dpe+ Awe) drat + uf lultpDinala(n))dndt 
ty Fe 
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which implies 


1 Cc 
[ luPedne+ = f cilosg(n)) © Dp eanat = 
Hr Ll JH7 
1 


a (Re(u)cos() — Im(u u)sin( > )) # Ditpdndt + 5 f Re(u)Anydndt (3.12) 


= ). |u|? (pDiva_(a(7)) + a(n).Viny) dndt. 


Then we find 
C 
[) inPodnae+ 5 f) Grlasa(n)) * Dieanat < Sof |nll ¢ Dipldnde 
. al (3.13) 
Ll : 
+ Da dg, illamlenae + ET fin (etDinata(n)| + lapel) dae 


By applying e— Young’s inequality 


ab < ca? + C.0”,p + p' = pp’, a,b,e,Cz > 0, 


to the right-hand side of the above inequality, we obtain 


3-2 1 : 
(1 2S Bla) al) i |u|? pdndt + ~| Gila; g(n)) t Drpdndt < 
|A1| Hr M1 Hr 
coe ree © _P_ oe _P_ 
(2 / yp Prilt Dipl tdndt + f y P= |Anipl?"adndt 
|A1 Hr Hy 


C. 4, eB, Pe 
sll fo Pale Diva(a(n)| dna 
1| HT 


(3.14) 


G __q P Pp 
- ial [ yp” 4 |a(n)|?-4| Vay] ?-4 dndt. 
A4| HT 


; x 
Taking ¢ = eae we get 


1 1 C 
5 |u|Ppdndt + xf Gi(a;g9(n)) t Depdndt < 
2 Sate At Sate 

C _1 C Pp 1 pe 
mae [ ert Dien s | ¢ P| dese? dat 
| 1 Hr Hr 


C q p P (3.15) 
ml f yp »-4|p|>-4 |diva(a(n))|?-4 dndt 
Mp Spt 


C 4 PL PL 
lal fe Fs la(n)|F9| Viel? dnd 
Ay| HT 
Now, we estimate each term of the right hand side of the above equality. By (3.8), we have 
ee Oe Oe ae pe = -4 Cr pe. 
| pg P| ¢ Dry|tdndt = | y2(n)dn [ yi” |t Dpgilptdt}. (3.16) 
HT H 0 
On the other hand, from Lemma|2.2| we arrive at 


a anc: Pp T'(m + 1) p-1 ap 
p-1) ¢ pe Pp dt = T -1, 3.17 
[ ee eal? mria| (a= -o-cep 
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Therefore, by using the scaled variable 


we obtain 
Cc 1 ay 

| py F| t Dfy|Ptdndt = C(m;p)T ptt N49, 

Hr 
where 

T(m+1) ]Po 1 
m P- p— 7 
C(m;p) = | | [ &* (p)dp 
( ) T(m+1- a) p(m+1—a)—(m+1) Jo<jala<e ( 


Similarly, we get 


T ele 
| y PT |Agy|?=1 dndt = (/ pala) (/ Po | sspal?**d) ; 
HT 0 H 


A simple computation yields 


Taking into account , we deduce 


l 


T ~_4t(N+1)e 


1 Pp C 
~P-T |Anyl?—t dndt < 
yp > |Any|? ana Se a4 


From the condition (1.2) and using the same argument, we obtain 


[eels [Divalaln)) | dndt < CTH, 
Hr 


and 


= aos =P an ie 1 op__4 vp 
| yp ?-4\a(n)|?-4|Viy|?-adndt < CT 2@-a "p-a 
Hr 


+(N+1)a 


Combining (3.15), (8.5), (8.22), (8.23) and (3.24), we get 


1 C 
1 | IulPpdndt + as Gi(a; 9(n)) ¢ D&pdnat < 


Hr 
Cc. Pipa t(N+)) 
[Ai] 


a ts |p Ese Per ae ie, laal(E™ ae rai t p— = t (N4 oF) ; 


Furthermore, it is not difficult to see that 


1 
At 


Hence, we conclude 


C 
— Gi(a;g9(n)) t Dpydndt = 
Hy 


1 T(m+1) 
Ai (m+ 2-— a) 


1 T(m+1 


7 J lulPpdndt 4 
Hy 


Da 


First, we suppose that 


M Fim+2= 0) Jy, Gi (a; 9(n))®* (p)dndt < 


(7 P— paar ele oe |T” p-4 “a pea ae lie \T’ Mpa tpt (N4 ia 


1 i Gi (a; 9(n))dn > 0. 


Ia | Gi(a;.9(n))®*(p)dndt. 
Hr 


(3.18) 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


(3.28) 
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This implies that 


peekuce I _ Galo. ala) ® (pda < 


gy [en af |p [Tena TON +20 4 |a|T eon tees mae) 


(3.29) 


We have to discuss two cases: 
Case 1: uw; =Oandl<p<1+ WoT In this case passing to the limit as JT — +o in (3.29), 


we obtain 


1 
x [ Gilasatn)yan < 0 
1 JH 


which contradicts (3.28). 


Case 2: uw, # 0 and N < -2+p min { 


T — +00 in (3.29), we get 


i, T .  a-—2v : 6 Aa 
Bol atpoay oa aE Passing to the limit as 


1 
~ [ Gilesain))an < 0, 
1 JH 


which contradicts (3.28). Next we suppose that 


2 5 Go(a; g(n))dn > 0. (3.30) 


Observe that 
u(, t) 


v(n;t) = _ 


is a global weak solution to the problem 
OL c a / / 
i* 0 Dfu+ Agu =A |v? + wa(n) .Valvl?, 


v(n,0) =g(n), 
where 
N= dot i(—A1) =A +409; w= po + i(-A1) = Hh + ip, 
and 
9(m) = 92(n) + (—gi(m)) = 91(m) + tG2(n). 


It can be easily seen that (3.30) is equivalent to 


x, a G1 (05 §(n))aq > 0. 


Therefore, from the previous case, if wg =Oandl<p<1+ WHI we obtain the contradic- 


i : oe : . I. T . a-—2Qv 
tion with (3.30), Similarly with the case 2 #4 O0and N < —2+p min {5 1 ao) cae } ; 
we get the contradiction with (3.30). 
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3.2. Case of the system. 
Definition 3.2. We say that the pair (u,v) is a local weak solution to if the equalities 


Cc Cc 
af |u/Pydndt + ef g(n) t Deydndt = , u (« t Dre + due] dndt 
Ur r 


al " (3.31) 
stuf loledive(alm)dndt + yf [vlta(n).Vexpdnat, 
Ur Ur 
and 
k .B C 8 BS pp 
a |u|“ wdndt + 7 h(n) t Drypdndt = v(i@ t Dry + Any } dndt 
aa ay iad (3.32) 
suf lulPpaiva(O(n) dnd + yf lul%O(n).Wupdndt 
Ur Ur 


are satisfied for every test function p € ohn (H7) with y(.,T) = 0. 


Moreover, if T > 0 can be arbitrarily chosen, then (u,v) is said to be a global weak solution 


to (7.9). 


Our second main result is given by the following theorem: 


Theorem 3.2. Let0<B<a<1l;p>q>1;k>oa>1 andg,h € L'(H). Suppose that 


one of the following cases holds: 


(I) 
a=8, df [ex(aig(n)) + Gal: ln) dy > 0. (3.33) 

and 

fy = 0, Q<min{ 3}. 
or 

_ {nmp-—a(p—q) aq-—mp R2k-a(k-—o) ac — 2k 
0 and Q< min ee ord eo) aaah 

(II) 

g<a, Ar | G(G;h(n))dn > 0, (3.34) 

H 
and 
_ 2 a pp=aip= 1) 
fi = 0, a< at. B= 1 \, 
or 1 #0 and 
2 

aes a+ 


min PO) 2aq — (a+ B+2)p mk-—a(k—oc) (a+ )k—2a(k—o) 2a 
p—@ 2(p — q) k—o 2(k —o) 
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(III) 
se | CO [ [G1(a3 9(n)) + Ga(8; h(n))] dn > 0, (3.35) 
and 
bg = 0, Q<min{ a}. 


or 


Tip —a(p—q) ag—mp mk—alk—o) an} 


Ha #0, Q<min{ a(p—q) ’a(p—q)’ a(k-a) ’a(k—-o) 


(IV) 
a< 6, » | G1(5; h(m))dn > 0, (3.36) 
H 
and 
jin = 0, a<—; min} oo, ee 
or 
bi2 #0 and 
2 

Q< ee 
min | P89 2aq—(a+8+2)p tak -—al(k—o) (a+ 8)k— 2al(k — o) mat | 

peg: * 2(p — q) k-o 2(k—a) 


Then the system admits no global weak solution. 


Proof. Let y be the test function defined by (3.8) where 2 is given by 


af Teles le 
ya(n) = ® (EE) ) 


where ® is given by formula(3.9). 
Suppose that (u,v) is a global weak solution to (1.3). By using the definition of weak solution, 


we get 


C 
Re (> / jPednat +i" [ g(n) t Dispdndt = Re (uf elfa(n) Wsxedat 
HT Ur UT 


(3.37) 
Cc 
Re (/ u (« t Drp + due] andt) + Re (uf ol *ecina(a(n)) dnt) : 
Ur Ur 
First we repeat the same calculation as above, we obtain 
1 Cc... 2 Cte 
J lerrednae + = [Glos gin) Depdnat < — [ ul\ # Depldnet 

HT At Hr |A1| HT (3 38) 


1 p 
+f lullmpldnds + MY fle (pl|Diva(a(n))| + lala) |IViael) dnd 
Ail Jo, Ail Jo, 
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Also, using the arguments of the previous theorem, we arrive at 


1 C 
(1 7 24) | |v/Ppdndt + ~| Gi(a; 9(n)) t Dredndt < 
|Ar| Ur M Sur 


C a1 fC 4k a E k 
Si (foe (14 Davie + Amel) and +3 | ulMedndt (8.39) 
Hy | 1 Hr 
=P =P =P 
+4 [ oP (p|?9|divax(a(n))]| 79 + |a(n)|™4|Vargl?=*) dnd 
Y 


Similarly, we have 
e|u1| k i C 1g 
(1 — 205 dh, |u|” pdndt i — re h(n)) t Dpvdndt < 
va (/ yp P- == H (4 i DE B ola I we *) Init + 3 1 ay |u|? pdndt. (3.40) 
HT 
ke p ke k 
+a fo eo Fe (|yplF* [Dina ((n))|=* + op et Pu nat) 
ia 
Next, adding (3.39) to (3.40} and taking ¢ = agen: we get 
CW, 1 Ci. 
x [| Gilasg() # Dodnat += f Gy(5,h(n)) ¢ Disodnet 
Ai Ju At Sur 
Ce 1 f,Cc _k ke 
<p (fo (18 Dever + Lael) ) dna 


+5 J, (lor + tot) 


+ lual fers (\pl>**[Diva(a(n))|>"* + la(n)|*"5|Vayl?*) dat (3.41) 
Hr 


Cc 
+ foe (IF Doel + [aay ) dna 
Hr 


io = 7 =a a seatlie 
+ ual fe (el Diva O(a))I™ [C= Vayl = dnd) 
Hr 


At this stage, we use the scaled variable 


#=T- OO, gate, gar “sy, (3.42) 
to obtain 
1 fs tal 1 i 
5h, (leh + lel!) ednde+ 5 Grlasgtn)) t Ditednde 
UT At 


ae Gi(B, h(n)) op Rages THN ats) 4 pie HN HN(at8)) 


+0 (T-* PE HNHHY(a+8) 4 gpl pat atb)) (3.43) 


T 0 LU a 
+ lel (7 pin gt NFV(A+8) 4 pl geet sgt (Nt a 


p-q = p-q 


Ts = i by i ‘ 
+ || (7 BE+(N+)(a+8) 4» pi- 254% eH N set) 


Furthermore, we have 


1 C 1 T(m+1) 


ee : DS. = 
ov in Gi (a; g(n)) t pedndt M T'(m fe a) 


Tia | Gi(a; 9(n))®*(p)dndt, (3.44) 
Hr 
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and 
1 C Bg — 1 Pim+t) 1-6 : ww 
ss ig Pee uTon+2—B). res (p)dndt. (3.45) 


Therefore, we get 
1 T(m+1) 
Ai (m+ 2 — a) 


7 T'(m + 1) _ Pe | 
"My Tin+2—B) ‘ pe (p)dndt (3.46) 


<0 (7% 47% 47% + 7%) + Clyy| (7% + 7% 47% 47%), 


| Gi(a;.9(n))®* (p)andt 
Hr 


where 
k 
o =a- ~~ + (N+ 1)(a+ 8), @ =a- 7 + (N+1)(a+ 8), 
Ge pice ce Saye = a—-?_4 (w+ 1V(a +8) 
p-1 pal | ee 
_ Tip (a+ B)p mp , 

5 =a p—4q I (N 1)(a B), 6 =a 2(p — q) p—4q ' (NV } 1)(a } B), 
— T2k i — (a+ B)k T2k | i i 
6 =a-7* +(N +1048), 0 = 0 — ee HWW HIV+ 8) 

Suppose now that 
a=B and [ (G10; g(n)) + Ga(B; A(n))] dy > 0. (3.47) 


We distinguish two cases: 
Case 1: p41 = 0,Q < min{ ti ro} . In this case, passing to the limit as T —> +o in 


(3.46), we obtain a contradiction with (3.47). 


, : “J T1P—O(p—4) . Tak-a(k-) , ao—vek a aoe 
Case 2: p, 4 0; Q < min { a) a Cae ho) ae) , Similarly, passing to 


the limit as T —+ +00 in (3.46), we obtain a contradiction with (3.47). 


Suppose now that 
B<a; rf Gi(B:h(n) dn > 0. (3.48) 
H 


We have to distinguish to cases: 


Case 1: pw, = 0, Q < ae min { poz; SPaG=) 


T —> +00 in (3.46), we get a contradiction with (3.48). 


i" In this case, passing to the limit as 


. T a 2a at+6+2v Tak-—a(k—o at+fB)k—2a(k—o)—2v2k 
Casa: m#0,Q< 2, min { pate 4). q pte wp. 2 me ). ¢ B) aa 2 I 
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Similarly, passing to the limit as T —+ +00 in (3.46), we obtain a contradiction with (3.48). 


Next, we consider the case Ap 4 0. Observe that 


(U(n;t), V(n;t)) = (ae, mn). 


u v 


is a global weak solution to the system 


Cc 
i 0 DOU + Agl = VP + pla (n) ValVI%, 


C 
i? 0 DPV + AgV =X |U|F + p’b(n).ValUl?, 


U(n,0)=G(n); V(n,0) =h(n), 


where 


N = dz + i(—A1) = A + DQ, B= pa + U(—A1) = ph + tp, 


G(n) = g2(n) + (gu (m)) = G1(n) + iG2(m), R(n) = a(n) + (—hi(n)) = han) + tha(n). 


Therefore, from the previous study, if one of the cases (III) or (IV) holds, we obtain a 


contradiction. 
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ON THE GEOMETRY OF CONFORMAL ANTI-INVARIANT 
€+—SUBMERSIONS 


MEHMET AKIF AKYOL* AND YILMAZ GUNDUZALP 


ApsTrRaAct. Lee [Anti-invariant €+— Riemannian submersions from almost contact mani- 
folds, Hacettepe Journal of Mathematics and Statistic, 42(3), (2013), 231-241.] defined and 
studied anti-invariant €4—Riemannian submersions from almost contact manifolds. The 
main goal of this paper is to consider conformal anti-invariant ¢+—submersions (it means 
the Reeb vector field € is a horizontal vector field) from almost contact metric manifolds onto 
Riemannian manifolds as a generalization of anti-invariant €+—Riemannian submersions. 
More precisely, we obtain the geometries of the leaves of ker, and (ker ts)+, including 
the integrability of the distributions, the geometry of foliations, some conditions related to 
totally geodesicness and harmonicty of the submersions. Finally, we show that there are 


certain product structures on the total space of a conformal anti-invariant €+—submersion. 


1. INTRODUCTION 


In the 1960s, B. O’Neill [22] and A. Gray [16] independently studied the notion of Rie- 
mannian submersions between Riemannian manifolds. In [BI], B. Watson defined almost 
Hermitian submersions, meaning submersions defined on the Riemannian submersions be- 
tween almost Hermitian manifolds. The author showed that the Riemannian submersion is 


also an almost complex mapping and consequently the horizontal and vertical distributions 
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are invariant with respect to the tensor field of type (1,1) of the total space. 

In [28], B. Sahin defined anti-invariant Riemannian submersions from almost Hermitian 
manifolds onto Riemannian manifolds. We refer to some papers ([5J, {15}, [24], [26], [29]) 
related to the notion and the book [30]. The notion of almost contact Riemannian submer- 
sions between almost contact metric manifolds initiated by Chinea in [10]. He obtained the 
differential geometric properties among total space, fibers and base spaces. 

One the other hand, Fuglede and Ishihara [17], as a generalization of Riemannian 
submersion, introduced independently horizontally conformal submersions (see also: [4], [13], 
[23]). Gudmundsson and Wood [14], as a generalization of holomorphic submersions, defined 
the notion of conformal holomorphic submersions and obtained necessary and sufficient con- 
ditions for conformal holomorphic submersions to be a harmonic morphism (see also [7], 
and [9]). Recently, the first author of that paper in [1] considered conformal anti-invariant 
submersions, meaning submersions defined on cosymplectic manifolds such that the vertical 
distribution is anti invariant with respect to the almost contact structure (see also: [18], 
). In this paper, we consider conformal anti-invariant €+—submersions from an almost 
contact metric manifold under the assumption that the fibers are anti-invariant with respect 
to the tensor field of type (1,1) of the almost contact manifold. 

The paper is organized as follows. Section 2, we give some basic notions related to al- 
most contact metric manifolds and conformal submersions. In third section, we introduce 
conformal anti-invariant €4—submersions from almost contact metric manifolds onto Rie- 
mannian manifolds, and give main results for the geometry of a conformal anti-invariant 
€+—submersion. The last section, we show that there are certain product structures on the 


total space of a conformal anti-invariant €+—submersion. 


2. PRELIMINARIES 


In this paper, all manifolds, vector fields and maps are assumed to be smooth unless 


otherwise stated. 


2.1. Almost contact metric manifolds. Let (M, giz) be an almost contact metric man- 
ifold with structure tensors (¢,£,7, gi) where ¢ is a tensor field of type (1,1), € is a Reeb 


vector field, 7 is a 1-form and gy is the Riemannian metric on M. Then these tensors satisfy 


Bi 
~§ =0, nop=0, n(g)=1 (2.1) 


52 MEHMET AKIF AKYOL* AND YILMAZ GUNDUZALP 


¢? =-I+n@€ and gu(oX,dY) = gu(X,Y) —(X)n(¥), (2.2) 
where I denotes the identity endomorphism of TM and X,Y are any vector fields on M. 
Moreover, if M is Sasakian [27], then we have 


(Vxd)Y = —gmu(X,Y)€é + n(Y)X and Vxé _ px, (2.3) 
where V is the connection of Levi-Civita covariant differentiation. 


2.2. Conformal submersions. Let y : (M™, gir) —> (N”, gn) be a smooth map between 
Riemannian manifolds, and let g € M. Then ¢ is called horizontally weakly conformal or semi 
conformal at g [4] if either (i) dy, = 0, or (ii) dy, maps horizontal space Hy = (ker(dq))+ 


conformally onto Ty, N, i.e., dipg is surjective and there exists a number A(q) 4 0 such that 
gn (dpgX, dpgY) = A(q)gu (X,Y) (X,Y € Hq). 


We call the point q is of type (i) as a critical point if it satisfies the type (i), and we shall 
call the point q a regular point if it satisfied the type (ii). At a critical point, dy, has rank 
0; at a regular point, dg has rank n and y is submersion. Also, the number A(q) is called 
the square dilation (of y at q). The map ¢ is called horizontally weakly conformal or semi 
conformal (on M) if it is horizontally weakly conformal at every point of M and it has no 
critical point, then we call it a (horizontally conformal submersion). 

A vector field Z € T(T'M) is called a basic vector field if Z € I((kerm4)+) and 1—related 
with a vector field Z € I(TN) which means that (1.gZq) = Z(r(q)) € I(LTN) for any 
qeElT(TM). 

O’Neill’s tensors T and A defined for any FE, F € I'(TM) as follows; 


ApF =VVugHF +UVunVF (2.4) 


TaF = HVyeVF + VVypHF (2.5) 


where V and H are the vertical and horizontal projections (see [12]). And also, by using (2.4) 
and (2.5), for X,Y €¢T((ker7,)+) and V,W €T(kern,), we have 


VvW =TyW+VvW (2.6) 
VvX =HVvX + 7yvxX (2.7) 
VxV =AxV+VVxV (2.8) 


VxY =HVxY +AxY (2.9) 
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where VyW = VVyW. If X is basic, then HVyX = AxV. Then it is well-know that 


for all FE, F € T,M. T is exactly the second fundamental form of the fibres of 7. For the 


special case when 7z is horizontally conformal we have the following: 


Proposition 2.1. ({13]) Let a: (M™,g) —> (N",h) be a horizontally conformal submersion 


with dilation X and X,Y be horizontal vectors, then 


Ay = StU, ¥] —29(X, Y)grady(55)}- (2.10) 


Definition 2.1. Let (M,gm) and (N,gn) be Riemannian manifolds and suppose that 7 : 


M —> N is a smooth map between them. The second fundamental form of m is given by 
(Vax)(X, Y) = Van (Y) — a (V¥Y) (2.11) 


for any X,Y € T(LM), where V7 is the pullback connection. It is obvious that the second 


fundamental form (V71,.) is symmetric. 


Lemma 2.1. Let (M, gr) and (N, gn) be Riemannian manifolds and suppose that p : 


M —> N is a smooth map between them. Then we have 
Vie —a(Y) — VE p(X) — vx ([X, ¥]) = 0 
for X,Y €T(TM). 


Remark 2.1. From Lemma 2.1, for any X is basic vector field and Y € T(kerm.), we obtain 
[X,V] € [(kern,). So, in this paper we assume that all horizontal vector fields are basic 


vector fields. 


Recall that 7 is called harmonic if the tension field T(z) = trace(Vz,) = 0. (for details, 


see [4]). 


Lemma 2.2. [4] Let 7: M —> N be a horizontally conformal submersion. Then, we have 
(a) (Va.)(X,Y) = X(InA)a.Y + Y(InA)asX — g(X, Y)z.(V In A); 
(b) (V14)(V,W) = —1. (Ty W); 
(c) (V1x)(X,V) = —m (VYV) = —1s(AxV) 


for any V €V(kern,) and X,Y € (kerr,)+. 


54 MEHMET AKIF AKYOL* AND YILMAZ GUNDUZALP 


Finally, we will mention the following from [25]. 

Let g; be a Riemannian metric tensor on the manifold N = M, x M2 and assume that the 
canonical foliations Djyy, and Djy, intersect perpendiculary everywhere. Then g is the metric 
tensor of a usual product of Riemannian manifolds = > Dy, and Dy, are totally geodesic 


foliations. 


3. CONFORMAL ANTI-INVARIANT €+—SUBMERSIONS 


In this section, we first define conformal anti-invariant £+—submersions from an almost 
contact metric manifold onto a Riemannian manifold and derive the integrability of dis- 
tributions, the geometry of foliations, some conditions related to totally geodesicness and 


harmonicity of the map. First of all, we give the definition of the submersion as follows: 


Definition 3.1. Let (M,¢,&,7, gm) be an almost contact metric manifold and (N,gn) be 
a Riemannian manifold. We suppose that there exist a horizontally conformal submersion 
na: M —+N such that € is normal to kern, and kern, is anti-invariant with respect to ¢, 


i.e., b(kermt) C (kerts)+. Then we say that 7 is a conformal anti-invariant €+—submersion. 


Assume that if 7 : (M, ¢, €,7, gaz) —> (N, gw) is a conformal anti-invariant €+—submersion 
from a Sasakian manifold (M,¢,£,7, gm) to a Riemannian manifold (N,gy). Then from 
Definition [3.1] we have o(kerm,)+ M kerm, 4 0. We denote the complementary orthogonal 


distribution to ¢(kerm,) in (kert,)+ by ps. Then we write 
(kermx)~ = o(kert«) ® (3.12) 
Here, pz is an invariant distribution of (kerz,)+, with respect to @ and contains €. Given 
X €T((kerm,)+), we have 
oX =BX+CX, (3.13) 
where BX € I(kerm,) and CX € I(y). On the other hand, since m,.((kerm.)+) = TN 


and 7 is a conformal submersion, using (3.13) we obtain \~2gn(a.0V, mCX) = 0 for any 
X €T((kerm,.)+) and V € T(kerz,), which implies that 


TN = 12,(bkern,) ® W(t). (3.14) 


Remark 3.1. We note that every anti-invariant €+—submersion from an almost contact 
manifold onto a Riemannian manifold is a conformal anti-invariant €+—submersion with 


\=1 PU. 
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Lemma 3.1. Let 7 be a conformal anti-invariant €+-submersion from a Sasakian manifold 


(M,¢,&,7, 9m) onto a Riemannian manifold (N,gn). Then we have 


Ax = —BX, (3.15) 

ive =, (3.16) 

gu (CY, dW) = 0, (3.17) 
gu(VXCY, dW) = —gu(CY, @AxW) (3.18) 


for Y,€,X €T((kerm,)+) and W € T(kerz,). 


Proof. By using (2.3), (2.9) and (3.13) we have (3.15). Using (2.3) and (2.7) we get 
(3.16). Given Y € T((kerm,)+), W € T'(kerm,) and using (2.2), we have 


gu (CY, oW) = gu (oY —BY, bW) = gu ($Y, €W) = gu (Y,W)+n(Y )n(W) = gu (Y,W) = 0, 


due to BY € I'(kerm,) and @W,€ € I'((kerm,)+). Differentiating with respect to X, 
we get 
gu (VxCY, dW) = —gu(CY, VX OW) 
= -gu (CY, (VX¥46)W) — gur(CY, (VX W)) 
=—gu (CY, 6(VXW)) 
= —gu(CY,¢AxW) — gu (CY, ¢VVXW) 
= —-gm (CY, ¢AxW) 
due to dbVV¥W € I'(¢kerm,). One can easily obtain the others. 


As we know the distribution kerz, is integrable, we only deal with the integrability of the 


distribution (kerm,)+ and the geometry of the distributions. 


Theorem 3.1. Let 7 : (M, ¢,£€,n, 9m) —> (N, gn) be a conformal anti-invariant €+ —submersion. 
Then the following conditions are equivalent to each other; 
(a) The distribution (kern,)+ is integrable, 
(b) A? gn (VN ym CX — Vit CY, mW) = gu (AxBY — AyBX —CY(InA)X +CX(IndA)Y 
— 2gu(CX,Y) MA — (Y)X + (X)Y, dW) 
for any Y,X €V((kerm,)+) and W € T(kerz,). 
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Proof. In view of (2.2) and (2.3), we get 
gu (VXY,W) = gu (VX OY, &W) — n(Y gu (X, €W) (3.19) 
for any X,Y €T((kerm,)+) and W €T(kerm.). Then, using and (3.19), we find 
gu ([X,¥],W) = gu(VX OY, 6W) — gu (VY OX, dW) — (VY )one(X, dW) + (X)gu(Y, 6W) 
= gu (Vx BY, dW) + gu (VXCY, dW) — gu (Vy BX, dW) — gu (Vy¥'CX, oW) 
— MY )ou(X,oW) + (X)gu(Y, OW). 
Using the property of 7 and we derive 
gu (LX, Y], W) = gu (AxBY — Ay BX, OW) +X? gn (ms (V¥CY), 14dW) 
— A“ gn (Te (V¥CX), TePW) — NY one (X, OV) + (Xone (¥, OW). 
Hence, from and Lemma 2.2] we get 
u([X,Y],W) = gm(AxBY — AyBX, dW) — gu (HV Ind, X)gu (CY, dW) 
— gu (HV Ind, CY )gu(X, dW) + gu (X,CY ou (HV Ind, dW) 


+X 9n (Vax TY, mH OW) + gu (HV Ind, Y)gu(CX, dW) 


+ gu (HV Ind, CX)gu(Y, @W) — gu (Y,CX)gu (HV Ind, oW) 


— gn (Vi ymeCX, t.OW) — (You (X, OW) + 7(X)gu(¥, W). 


Furthermore, by using , we obtain 
gu (|X, Yi; W) = gu (AxBY — AyBX — CY (In A)X + CX (In A)Y _ 2gu (CX, y) In A 
— (Y)X +(X)Y, @W) — X72 gn (VE yaCX — VE xm CY, OW). 


which means that (a) = (6). 


Using the integrability of (kerm,)+, from Theorem [3.1] we deduce: 


Theorem 3.2. Let 7 be a conformal anti-invariant £+— submersion from a Sasakian manifold 
(M,¢,&,, 9m) onto a Riemannian manifold (N, gn). Then any two assertions below imply 
the third; 

(a) The distribution (kern,)+ is integrable. 

(b) The map x is horizontally homothetic submersion. 


(c) gn(VimCX — Ven,CY,1.0W) = 7gu(AxBY — Ay BX — 7(Y)X +7(X)Y, dW) 


for X,Y €T((kerm,)+) and W €T(kern,). 
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Proof. By the proof of Theorem 3.1] for any Y, X €T'((kerm,)+) and W € T(kern,), 


we have 
gm ([X,Y],W) = gu (Ax BY — AyBX —CY(InA)X + CX (InA)Y — 2gu (CX, Y) Ind 
— (VX + (XY, dW) — gw (VF mCX — VietCY, we GW). 
Now, if we have (a) and (c), then we obtain 
— gu (HV Ind, CY )gu(X, dW) + gu (HV nA, CX)gu(Y, oW) (3.20) 


— 29u(CX,Y gu (HV Ind, dW) = 0. 


Now, taking Y = éW in for W € [(kerz,), using and (3.17), we derive 
gu (HV Ind,CX )gu(oW, W)) = gu (HV Ind, CX) {gu(W, W) — n(W)n(W) } 
= gu (HV Ind, CX) gu (W, W) = 0. 

Hence \ is a constant on ['(u). On the other hand, taking Y = CX in for X € T'(p) 
and using we obtain 

— gu (HV Ind, C?Y)gu(X, dW) + gu (HV Ind, CX) gu (CX, dW) 

— 29gm(CX,CX)gu(HV Ind, dW) = 0. 
Thus, we get 29y(CX,CX)gu(HV InA, dW) = 0 which means that the dilation is a con- 


stant on I'(dkerm..). One can easily obtain the others. 


Remark 3.2. We assume that (kern.)+ = bkerm, © {€}. Using one can prove that 
CX =0. 


Hence we obtain, 


Corollary 3.1. Let 7: (M, ¢,€,n, gi) —> (N, gw) be a conformal anti-invariant €+— submersion 
with (kern,)+ = (kerm,)® < € >. Then the following conditions are equivalent to each 
other; 

(a) The distribution (kerm,)+ is integrable 

(b) Ax@Y +(X)¥ = Ay oX + 7(¥)X 

(c) (Wia)(X, OY) + Vt X = (V14)(¥, 0X) + (X) mY 


for X,Y €1((kerz,)+). 


For the geometry of the distribution (kerm,)+, we get: 
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Theorem 3.3. Let 7 : (M,¢,£,7,9u) —> (N,gn) be a conformal anti-invariant €+- 


submersion. Then the following assertions are equivalent to each other; 


(a) (kerr,)+ defines a totally geodesic foliation on the total space. 


(b) —A?gn (VP xmCY, 126W) = gu (Ax BY —CY(Ind)X + gu(X,CY) Ind — n(Y)X, dW) 


for Y,X €V((kerm,)+) and W €T(kern,). 


Proof. Given Y,X € I'((kerm,)+), W € T'(kerm,) and by using (2.2), (2.8), (2.9), 
(3.12), (3.13) and (3.19), we have 


gu (VX Y, W) = gu (Ax BY, dW) + gu(VXCY, dW) — n(¥ )ou(X, OW). 
Using the property of 7, (2.11) and Lemma (2.2) we arrive at 


gm (VXY,W) = gu (Ax BY, 6W) — X29 (HV nA, X) gn (tsCY, 116W) 
— 2 gy (HV Ind, CY gn (1X, 1dW) 


bX? gu (X, CY )gn(ax(HV Ind, 14 dW) 


+ d~?gn (WN x mCY, t.bV) — (You (X, dW) 


and using Definition [3.1] and (3.17) we arrive at 


gu(VXY,W) = gu(Ax BY —CY (Ind)X + gu(X,CY) nd — 0(Y)X, oW) 


+ A“? gn (VN xm CY, 1. OW) 


which tells that (7) = (iz). 


From Theorem |3.3} we obtain 


Theorem 3.4. Let 7 be a conformal anti-invariant £+— submersion from a Sasakian manifold 
(M,¢,&,, 9m) onto a Riemannian manifold (N,gn). Then any two assertions below imply 


the third; 


(a) The distribution (kerms)+ defines a totally geodesic foliation on the total space. 
(b) The map x is a horizontally homothetic submersion. 


(c) gn(Vi-0.CY, 7.OW) = 2gu(—AxBY +7(Y)X, dW) 


for any Y,X €V((kerm,)+) and W €T(kerz,). 
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Proof. Given Y, X € T'((kerm,)+) and W €T(kerz,), by the proof of Theorem [3.3] 


we have 


gu (VX Y,W) = gu(Ax BY —CY(Ind)X + gu(X,CY) Ind — 0(¥)X, oW) 


+ 2 gn(ViTCY, 1. OW). 
Now, if we have (a) and (c), then we obtain 
— gu (HV Ind, CY )gu(X, 6W) + gu (HV Ind, 6W) gu (X,CY) = 0. (3.21) 


Now, taking X = CY) in (3.21) and using (3.17), we get gw(HV nA, @W)gu(X,CY) = 0. 
Hence, A is a constant on I'(gkerz,). On the other hand, taking X = dW in (3.21) and 


using (3.17) we find 


gm(HV Ind, CY )gu (dW, 6W)) = gu (HV Ind, CY ){gu(W, W) — n(W)n(W)} 


= gu (HV InA,CY)gu(W, W) =0 


which means that A is a constant on I'(u). One can easily obtain the other assertions. 


From the above theorem, we have the following: 


Corollary 3.2. Let 7 : (M,¢,£,n,9u) —> (N,gn) be a conformal anti-invariant €+- 
submersion with (kerm,)+ = o(kerm)® < € >. Given Y,X € T((kerm,)+) and W € 


I(kerr,.), the following conditions are equivalent to each other; 


(i) The distribution (kerm.)+ defines a totally geodesic foliation on the total space. 
(ii) AxBY = 7(Y)X 
(iti) (Va)(X, 6W) = —0(¥)meX. 


Now, we investigate the geometry of kerz,. 


Theorem 3.5. Let 7 be a conformal anti-invariant €+— submersion from a Sasakian manifold 
(M,¢,&,7, gm) onto a Riemannian manifold (N,gn). Then for any V,W € T(kerm.) and 


X €T((kerm,)+) the following conditiones are equivalent to each other; 


(a) The distribution kerr, defines a totally geodesic foliation on the total space. 


(b) —\-? gn (VE wasdV, mOCX) = gu ($CX (In A) OV — TVBX, dV) + n(VbiyV)n(CX). 
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Proof. Given V,W € I(kerm,) and € € I'((kerm,)+), since gu(W,€) = 0, by using 
(2.3) we get gur(VlW,&) = -gu(W, VE) = —gu(W, dV) = 0. Thus we get 


gu (VV W, X) = gu (VY W, 6X) + (VY W)n(X) 
= gu (VV OW, 6X) 
= gu (VV OW, X) — gu (Vi O)W, oX). 
Using (2.3), (2.6) and (3.13) we have 
gu (VW, X) = gue (Tv oW, BX) + gu (HV OW,CX). 
Since V™ is a Levi-Civita connection and [V, @W] € I'(kerm,) we derive 
gu (VW, X) = gu (Tv dW, BX) + gu (VowV,CX). 
Using (2.3), (2.9) and taking into account yj is invariant, we have 


gu (Vi W, X) = gu (Tv OW, BX) + ou (OV iV, CX) + 0(VoyV)n(CX) 


= gu (Tv oW, BX) + gu(Voi dV, CX) + n(VoiV)n(CX). 
Now, using (2.11) and Lemma [2.2] (i) and using the property of 7, we obtain 


gu(Vit VX) = gu (Tv @W, BX) + A? gnr(HV In.d, OW) gn (12 bV, 12GCX) 
— gu (HV Ind, dV) gn (TedW, 1dCX) 


+ gu (dW, dV)A 7 9n (Ts (HV Ind, 7 0CX) 


+r gn (VN gwrdV, TebCX) + (Vy Vn(CX) 
and from Definition [3.1] and (3.17), we have 
gu (Vir vV, X) = gar (@CX (Ind) OV — TyBX, dV) + (Vow V)n(CX) 
+A gv (Vingw OV, TCX) 
so that we get (i) = (i). 


From the above theorem, we deduce: 


Theorem 3.6. Let 7 : (M,¢,£,7,9u) —> (N,gn) be a conformal anti-invariant &+- 
submersion. Then, for any V,W € T(kerrts) and X € I((kerm,)+), any two conditions 


below imply the third; 


(a) The distribution kerr, defines a totally geodesic foliation on the total space. 
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(b) The dilation X is a constant on T'({1). 
(c) —\-?gn (VE gw dV, tOCX) = gu (Tv OW, BX) + n(ViwV)n(CX). 


Proof. Given V,W €I(kerm,) and X €T((kerm,)+), by the proof of Theorem (3.5) 


we have 


gu (VipV, X) = gu(@CX (In dA)oV — TyBX, dV) + n(VoV)n(CX) 


a Nn (Vi.gwtdV, TCX). 


Now, if we have (a) and (c), then we get gu($W, 6V)gm(HV Ind, CX) = 0, which means 
that the dilation \ is a constant on ['(y). One can easily obtain the others. 


Also we have, 


Corollary 3.3. Let 7 : (M,¢,£,7,9m) —> (N,gn) be a conformal anti-invariant &+- 
submersion with (kerm,.)+ = o(kert)® < €>. Then the following assertiones are equivalent 


to each other; 


(a) The distribution kern, defines a totally geodesic foliation on the total space. 


(b) Tyo@W =0 


for V,W €V(kerm.) and X €T((kerm,)+). 


We note that a differential map 7 between two Riemannian manifolds is called a totally 


geodesic map => (V7x)(Z1, Z2) = 0, for any 71, Z2 ET (TM). 


Theorem 3.7. Let 7 : (M,¢,£,n, gaz) —> (N, gw) be a conformal anti-invariant €+ —submersion. 


Then x is a totally geodesic map if 


—VN ym Yo = 1 (G(AxOY1 + VV¥ BYo + AxCY¥2) + CHHVE OY, + AxBY2 + HV¥CY2)) 


_— (Y2)744X _ {gm (X, oY)) + gm (X, CY2)}74€ (3.22) 
for X €T((kern,)+), Y =Y, + Yo €T(LM), where Y, € T(kerm,) and Yo € T'((kern,)+). 


Proof. Using (2.2) and we have 


(Vae)(X,Y) = Ve xmY +m (-VY¥Y) 


= WN yme¥ +1 (dVxdY — 9(X, OYE — 0(Y)X) 
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for any X €T((kerts)+),¥Y € T(TM). Then by using (2.8), and we get 
(Vire)(X,Y) = VN ymeYo + (Ax ON + BUVY OY) + CHV 61 + BAXBY2 
+ CAxBY2 + VVX BY + PAxCY2 + BUVECYs + CHV¥CY2) 
— n(Y2)tX — {gu (X, Yi) + gu (X, CY2) }e€ 
for any Y = Y; + Yo € I(TM), where Y, € ['(kerm,) and Y2 € I'((kerz,)+). Thus taking 
into account the vertical parts, we obtain 
(Vire)(X,Y) = Vi xtaY + 14($(Ax GN + VV BY2 + AxCY2) 
+ CHV OY, + Ax BY. + HV¥CY2)) 
— n(Y¥2)a.X — {gu (X, 6¥1) + gu (X,CY2) }a€. 
Hence (V7,)(X,Y) =0 <== is satisfied. 


For the totally geodesicness of the map, we also get: 


Theorem 3.8. Let 7 : (M,¢,£,7,9u) —> (N,gn) be a conformal anti-invariant €+- 
submersion. 7 is a totally geodesic map if and only if 

(a) TydV =0 and HVM OV € '(¢kern.), 

(b) The map x is a horizontally homotetic map, 

(c) AzéV =0 and HV¥ OV € I(okerz) 


for X,Y,Z €V((kerm,)+) and U,V €T(kerm.). 
Proof. For any U,V € I'(kerz,), by using and we have 
(Vm)(U,V) = Ve omeV +1 (-VIEV) 
= m(dVU OV — gu U, OVE — (V)X) 
= m.(dViz oV). 
Then from and we arrive at 
(Vax)(U, V) = m.(Ty dV + CHVM OV). 


From above equation, (Vm.)(U,V) = 0 => 7,.(¢Ty¢V +CHVM¢V) = 0. Since ¢ is non- 
singular, Ty¢@V = 0 and HV OV € [(¢kerz,). On the other hand, from Lemma [2.2] we 
derive 


(Vare)(X,Y) = X(Ind)meY + ¥ (In A)meX — gur(X,Y)me(V Ind) 
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for any X,Y € T(z). It is obvious that if 7 is a horizontally homotetic map, it follows that 
(Va.)(X, Y) = 0. Conversely, if (V7,.)(X,Y) = 0, taking Y = X in the above equation, we 
get 

X(InA)m,.0X + dX (InA)a,X = 0. 


Taking inner product with 7,@X at the above equation we obtain 
gu(V Ind, X)A gu (bX, OX) + gu (V mA, OX)? gu (X, 6X) = 0. (3.23) 


From (3.23), A is a constant on ['(w). On the other hand, for U,V € T'(kerz.), from Lemma 
[2.2] we have 


(Virz)(@U, 6V) = dU (In \)1.6V + OV (In A)meU — gr (bU, 6V) 0 (V Ind). 


Again if 7 is a horizontally homothetic map, then (V7..)(@U, ¢V) = 0. Conversely, if (Vz..)(@U, dV) = 


0, putting U instead of V in above equation, we derive 
26U (In A)74 (OU) — gu (dU, oU)7.(V Ind) = 0. (3.24) 
Taking inner product with 7,@U at and since 7 is a conformal submersion, we have 
gu (dU, dU)” gur(V In A, GU) = 0 


which means that the dilation \ is a constant on ['(¢kerz..). Thus the dilation 4 is a constant 


on I'((kerm,)+). Now, for Z €T() and V € T'(kerz,), from and we have 
(Vix)(Z,V) = 1 (V7 OV). 
In view of and (2.9) we have 
(Vax)(Z,V) = 1 (¢AzoV +CHV} OV). 


Hence (V1x)(Z, V) = 0 => 7.(¢AzdV+CHV¥ GV) = 0. Since ¢ is non-singular, AzdV = 0 
and uVM oV €T(¢kerz,). Therefore, we obtain the proof. 


Now, we give some conditions related to harmonicity of the submersion. 


Theorem 3.9. Let 7 : (M2(™+™+1 6&1, gag) —> (N™1P?"41 gy) be a conformal anti- 


invariant £+—submersion. Then the tension field 7 of x is 
(a) = —ma,(ur™) + (1 — m — 2n)a,.(V In A) (3.25) 


where p*e'™ is the mean curvature vector field of the distribution of kern,. 


64 MEHMET AKIF AKYOL* AND YILMAZ GUNDUZALP 


Proof. Let {€1, ...,€m, P15 +++) POms &, by ++) Ln, PH, +++» Pn} be orthonormal basis of 
I(TM) such that {e1, ...,@m} be orthonormal basis of ['(kerz,), {e1, ..., Pem} be orthonor- 
mal basis of [(¢kera,) and {, p11, .--, ln, bi, ---» Pn} be orthonormal basis of (yw). Then 


the trace of second fundamental form (restriction to kerm, x ker) is given by 


m 


trace®?’™V 1, = So (Vie) (eis i). 
i=1 


Then using (2.11) we obtain 


trace®’'™ Van, = —ma,(p*"™) (3.26) 
and also, we have 
m 2n 
trace ern)” Vr, = S(Vrre) (dei, dei) + S— (Vas) (Mis mi) + (Ve) (8). 
i=l i=l 


From Lemma|2.2] we get 


trace(Rer™)" Wr, = Ss" 2gmu (HV Ind, de; )7.¢e; — mr,(V In A) 
i=1 
2n 

~ >» 2gm (HV Ind, i) Wf, — 2n7,.(V In A) 


i=1 


+ 2€(In A)74€ — 74(V Ind). 


Since {xg Ten (Ger), Xp) TP ( Hh) XQ) Th tem, 1<i<m, 1<h<n is an orthonormal basis of T,(,)N 


and using the properties of 7, we derive 


— 1 1 
traceBer™) Yr, = 2 News A, qT bei) \ Mahe: mm (V In A) 
2n 1 l 
at S- 29n (mV Ind, MMi) Tobi — 2n7,(V In) 
i=1 


1 1 
+ 2gn (mV Ind, yd) m8 — 1,(V Ina) 


= (1—m—2n)m.(V Ind) (3.27) 


Then proof follows from (3.26) and (3.27). 


From the above theorem, we have 


Theorem 3.10. Let 7 : (M2("+™+1 6, €,, gx) —> (N™+2"+1 gu) be a conformal anti- 


invariant €+—submersion. Then any two conditions below imply the third: 


(a) The map 7 is harmonic 


(b) The fibres are minimal 
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(c) The map x is a horizontally homothetic map. 
Also, we have, 


Corollary 3.4. Let 7 : (M2(™+™+1 6, €,n, gx) —> (N™+2"+1 gn) be a conformal anti- 


invariant £+—submersion. mt is harmonic if and only if the fibres are minimal. 


Now, we give some decomposition theorems comes from Theorem[3.3]and Theorem |3.5]in 


the following: 


Theorem 3.11. Let 7 : (M,¢,£,7,9m) —> (N,gn) be a conformal anti-invariant €+- 


submersion. Then M is a locally product manifold if 
~~? gn (V&04CY, 146V) = gu (Ax BY — CY (Ind) X + gu (X,CY) Ind — n(Y)X, 6V) 
and 
—r gn (Vow dV, TdCX) = grr (GCX (In.d)oV — TyBX, dV) + n(VewV)n(CX) 


for X,Y € T((kerms)+) and U,V € (kerms), where Mecern.)+ 42d Morn.) are integral 
manifolds of the distributions (ker t,)+ and (ker 7). Conversely, if M is a locally product 


manifold of the form Merm,)+ X Mxern,) then we have 
2 gn (ViemeCY, 1bV) = gu (CY (Ind)X — gu (X,CY) n+ n(Y)X, oV) 
and 
gn (Vow tsdV, tebCX) = grr (CX (In) OV, OV) + n(VewV)n(CX). 
From Corollary [3.2] and Corollary [3.3] we have 


Theorem 3.12. Let 7 : (M,¢,£,7,9u) —> (N,gn) be a conformal anti-invariant €+- 
submersion with (kerm,)+ = o(kerm.)® < € >. Then M is a locally product manifold if 
AxBY =1(Y)X and Ty¢W =0 for X,Y €T((kerm,)+) and V,W €T(kerz,). 
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ALMOST POLY-NORDEN MANIFOLDS 


BAYRAM SAHIN* 


Apstract. In this paper, poly-Norden manifolds are introduced as a new type of 
manifolds. We show that this class includes Norden manifolds and Euclidean n— 
space as examples. We investigate certain geometric properties of poly-Norden man- 
ifolds and obtain conditions for a holomorphic-like map between such manifolds to be 
totally geodesic. We also investigate constancy of certain maps between poly-Norden 


manifolds and other manifolds endowed with differential structures. 


1. INTRODUCTION 


Manifolds equipped with certain differential-geometric structures have been studied widely 
in differential geometry. Indeed, almost complex manifolds, almost contact manifolds and 
almost product manifolds have been studied extensively by many authors. Recently, by 
inspiring the Golden ratio, Golden Riemannian manifolds were introduced in [5]. In [Zi], the 
authors have also introduced metallical Riemannian manifolds by inspiring metallic mean 
which is a generalization of Golden mean, Silver mean etc. Both manifolds have been studied 
by many authors [6], [7],[9],{Z0], (11), (12],(75], [74], and [19]. We note that metallic mean 
was first defined by de Spinadel [17]. 
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On the other hand, in [13], the author has defined Bronze mean which is different from 
the Bronze mean given in [11]. We also note that there is no inclusion relation between the 
Bronze mean defined in and metallic mean. In [13], the author introduced the Bronze 
Fibonacci and Lucas numbers. He also investigated the relationship between the convergents 
of the continued fractions of the powers of the Bronze means and the Bronze Fibonacci and 
Lucas numbers. 

In this paper, by inspiring from [5] and [13], we introduce almost poly-Norden manifolds 
and investigate the geometry of such manifolds. First of all, we observe that such mani- 
folds include some well known manifolds; Norden manifolds and Euclidean spaces. We then 


investigate certain properties of this structure and obtain constancy of certain maps. 


2. PRELIMINARIES 


In this section, we gather main tools needed for the paper. 


2.1. A new Bronze mean. We will not repeat Golden ratio, Fibonacci number or Lucas 
numbers which are well known. But we will give brief information on a new mean and related 


numbers introduced in [13]. The Bronze mean is defined by 


which is the positive solution of the equation 


a? —mrz+1=0. 
The Bronze Fibonacci numbers (fm) are a family of sequences defined by the recurrence 
fmnt2 = Mfmn+1— fmn, where fm = 0 and fm j= 1. The Bronze Lucas numbers (lm ,n) 
are a family of sequence defined by the recurrence lmn4+2 = Mlmn+1 — lmn, Where lmo = 2 
and ln; = m. The continued fractions for the Bronze means are {m — 1;1,m—2}. The 
recurrence relation B’+? = mB"*1— B” is satisfied. The relations between Bronze Fibonacci 
numbers and Bronze Lucas numbers are 


bmn + fimjnv m? —A4 
5) . 


BR = 


Also note that the convergents of B%, are fma(n+1) Proofs of all above statements and more 
m Tingan 


results can be found in ; 
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2.2. Totally geodesic maps. Let (M, gj) and (N, gn) be Riemannian manifolds and sup- 
pose that y: M — N is a smooth mapping between them. Then the differential dy of y can 
be viewed a section of the bundle Hom (T M,y TN ) — M, where y!TN is the pullback 


bundle which has fibres (p 'TN), = T,y)N, p € M. Hom(T'M,y~'TN) has a connec- 


tion V induced from the Levi-Civita connection V™ and the pullback connection. Then the 


second fundamental form of y is given by 
Vdy (X,Y) = Védy (Y) — dp (V¥Y) (2.2) 


for X,Y €¢ [(2M), where [ (TM) denotes the Lie algebra of the vector fields on M . It 
is known that the second fundamental form is symmetric. A smooth map y : (M,gy) > 
(N, gn) is said to be totally geodesic if Vdp = 0. A geometric interpretation of a totally 
geodesic map is that it maps every geodesic in the total manifold into a geodesic in the base 


manifold in proportion to arc lengths. For more information, see [1]. 


3. ALMOST POLY-NORDEN MANIFOLDS 


By inspiring from the Bronze mean (2.1) we introduce a new structure on a differentiable 


manifold MM, namely, poly-Norden structure. 


Definition 3.1. Let M be a differentiable manifold. A poly-Norden structure on M is an 
(1,1) tensor field ® which satisfies the equation 


6? = mob-—I (3.3) 


where I is the identity operator on the Lie algebra x(M) of the vector fields on M. In this 
case, (M,®) is called an almost poly-Norden manifold. 


We give an example of almost poly-Norden manifolds. 


Example 3.1. Consider the 4—tuples real space R* and define a map by 
®: R* — R* 
(21,22, 1, Y2) (Britt, Brits, Brit; Bmye); 


where B,, = vine—4 and Bm = m—By. Then it is easy to see that ® satisfies ®? = m&—I. 


Thus (R*,®) is an example of almost poly-Norden manifold. 
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We say that a semi-Riemannian metric g is ®— compatible if 


for every X,Y € y(M). From this it follows that © is a self-adjoint operator with respect to 


g, 1e., 


g(®X,Y) = 9(X, ®Y) (3.5) 


Definition 3.2. A semi-Riemannian manifold (M,g) endowed with a poly-Norden structure 
® so that the semi-Riemannian metric g is ®-compatible is named an almost poly-Norden 
semi-Riemannian manifold and (g,®) is called an almost poly-Norden Riemannian structure 


on M. 
We now give an example of almost poly-Norden semi-Riemannian manifolds. 


Example 3.2. Let M be an almost complex manifold with almost complex structure J. A 
metric g is a Norden metric if g(JX,JY) = —g(X,Y). If (M?",J) is an almost complex 
manifold with Norden metric g, Then (M?", J,g) is called an almost Norden manifold. Thus 
every almost Norden manifold is an almost poly-Norden semi-Riemannian manifold with 


m= 0. 


From now on, we will assume that the number m is different from zero throughout the 


article. We now investigate the geometry of an almost poly-Norden manifold. 


m+V/m?—4 
2 


Proposition 3.1. Eigenvalues of an almost poly-Norden structure ® are and 


m—Vm?2—4 
5 
Proposition 3.2. An almost poly-Norden structure ® is an isomorphism on a tangent space 


of M 


Since ® is isomorphism, it has an inverse. Let us denote the inverse of ® by é, then we 
have 


&@=-O+ml. (3.6) 


We also have the following result. 
Proposition 3.3. ® is not an poly-Norden structure on M. 


The following result shows that an almost complex structure determines a poly-Norden 


structure and vice versa. 
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Proposition 3.4. Every complex structure on a semi-Riemannian manifold induces two 


poly-Norden structures given by 


J/4 — 2 4— ) 
= 51+", = 51 sd, 2<m<2 


Proposition 3.5. Every poly-Norden structure on a semi-Riemannian manifold induces two 
almost complex structures given by 


—m 2 m 2 


Jp = I4 ®, Jog = I 
: V4 — m? V4 —m? V4 — m2 V4 —m? 


®, —-2<m<2 


Next result implies that there are two orthogonal complementary distributions on almost 


polygonal semi-Riemannian manifold (1, ¢, g). 


Proposition 3.6. On an almost poly-Norden semi-Riemannian manifold (M, ¢,g), there are 


two complementary distributions D; and D1 corresponding to the projection operators 


1 
l= (Bmi — &), i = 


—— (—ByI + ®) (3.7) 


Corollary 3.1. The complementary distributions D, and D)1 are orthogonal with respect to 


the ®—compatible metric g, i.e. g(Di, Diz) = 9. 


Definition 3.3. Let (M,®,g) be an almost poly-Norden semi-Riemannian manifold. If the 
almost poly-Norden structure is parallel with respect to the Levi-Civita connectin V. Then 


(M,®,g) is called a poly-Norden semi-Riemannian manifold. 


One can see that V® = is equivalent to Ne = 0, where Na is the Nijenhuis tensor field 


with respect to ®, see:[3], [4], [8]. 


4. POLY-NORDEN MAPS BETWEEN POLY-NORDEN MANIFOLDS 


In this section we give a new notion, namely poly-Norden map, and investigate conditions 
for a poly-Norden map to be totally geodesic. From now on we frequently denote an almost 
poly-Norden manifold by (M,®,m). We first give the following definion which is a version 
of a holomorphic map. Let y be a map from an almost poly-Norden manifold (IM, ®j,,m) 
to an almost poly-Norden manifold (N,®y,m/’). Then we say that y is a poly-Norden map 
if it satisfies dp@)y = Pydy, where dy denotes the derivative map of y. We provide the 


following elementary example. 
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Example 4.1. Let y : R* > R? be a map defined by yp (x1, 22,23,24) = (2be22 fates) | 


Then, by direct calculations 
ker dy = span {X1 = Oz, — Ozg, X2 = Ong — Oz, } 
and 
(ker dy )* = spon {Z1 = Ox, 1 Ops) 29 = Org +O} » 
Then considering poly-Norden strucutures on R* and R? defined by 
© (1, 02,235,041) = (Bewi, Bare, Bets; Beta) 


and 
®! (a1, a2) = (Bnar, Bmaz) 
where Bm and Bm are eigenvalues of poly-Norden structures. It is easy to see that dp (®Z1) = 


®'dy (Z1) and dy (®Z2) = ®'dp (Zo). Thus y is a poly-Norden map. 


From now on, when we mention a poly-Norden semi-Riemannian manifold in this section, 


we will assume that its almost poly-Norden structure is integrable. 


Lemma 4.1. Let y be a poly-Norden map from a poly-Norden semi-Riemannian manifold 
(M,®,g,,,m) to a poly-Norden semi-Riemannian manifold (N,®',g',m’) such that dp ® = 
®'dyp is satisfied. Then we have 


(Vd) (®X, BY) = m'S (Vdy) (X,Y) — (Vdy) (X,Y) (4.8) 
for X,Y €T (TM). 
Proof. For X,Y € 1 (TM), from (2.13) and (2.11) we have 
(Vdy) (X, ®Y) = V¥dy (®Y) — dp (V¥SY). 
Since dp® = 6’dy and both ® and ®’ are integrable we have 
(Vdy) (X, ®Y) = 8 (Vdy) (X,Y). 


Using this equation and we have the assertion. 

We now give a necessary and sufficient condition for y to be totally geodesic. We recall 
that a map yg is totally geodesic if Vdy = 0. A geometric interpretation of a totally geodesic 
map is that it maps every geodesic in the total manifold into a geodesic in the base manifold 


in proportion to arc lengths. From Lemma [4.1] we have the following result. 
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Theorem 4.1. Let vy be an poly-Norden map from a poly-Norden semi-Riemannian manifold 
(M,®,g) to a poly-Norden semi-Riemannian manifold (N,®',g'). If one of the following 
conditions is satisfied, then yp is totally geodesic; 

(1) (Vdy)(®X, ®Y) = m'G'(Vdy)(X,Y), VX,Y €T(TM), 

(2) (Vdy)(®X, ®Y) = (Vdy)(X,Y), VX,Y €T(LM) and m' £0. 


5. CERTAIN MAPS BETWEEN ALMOST POLY-NORDEN MANIFOLDS AND MANIFOLDS 


ENDOWED WITH DIFFERENTIABLE STRUCTURES 


For maps between differentiable manifolds, authors normally study such maps under cer- 
tain conditions imposed on the manifolds and maps. A crucial question is that whether there 
exist such maps under the restrictions. Therefore, in this section, we investigate the exis- 
tence of holomorphic-like maps from ( into) poly-Norden manifolds to manifolds endowed 
with differentiable structure such as almost Golden structure, almost complex structure, 
almost product structure and almost contact structure. We show that such maps defined 
between almost poly-Norden manifolds and manifolds endowed with differentiable structures 


are constant under some assumptions. 


5.1. Maps between almost poly-Norden manifolds and almost Golden manifolds. 
Let M be a differentiable manifold. A golden structure on M is an (1,1) tensor field P which 


satisfies the equation 

P*=P+I (5.9) 
where I is the identity transformation. In this case P is called an almost Golden structure 
and (M, P) is called almost Golden manifold. We say that the metric g is P compatible if 


g(PX,Y) =9(X, PY) (5.10) 


for all X,Y € 1 (TM). If we substitute PX into X in (2.12) the equation (2.12) may also 


written as 
g (PX, PY) =9(P°X,Y) =9((P+1) X,Y) =9(PX,Y)+9(%,Y) 


The Riemannian metric (2.12) is called P—compatible and (M,P,g) is named a Golden 
Riemannian manifold [5]. It is known[5] that a Golden structure y is integrable if the 
Nijenhuis tensor N, vanishes. In [10], the authors show that a Golden structure is integrable 


if and only if Vy = 0, where V is the Levi-Civita connection of g. 
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Theorem 5.1. Let y be a smooth map from an almost Golden manifold (M, P.) to an almost 
poly-Norden manifold (M’,®,m) such that the condition dpP = ®dy is satisfied. Then yp is 


a constant map ifm ~ +V5. 


Proof. Let (M,P) be an almost Golden manifold and (M’,®,m) a almost poly-Norden 


manifold. Then apply ® to equation dpP = @dy and using (3.1) and (2.11), we get 
(1 — m)®dy(X) = —2dy (X) (5.11) 
for X €T (TM). Applying ® to again, we derive 
(—m? + m + 2) dy (X) = (1— m)dy (X) (5.12) 
Then and imply that 
(5 — m?)$dyp(X) =0 


which gives our assertion. 


In a similar way, we have the following result. 


Theorem 5.2. Let y be a smooth map from an almost poly-Norden manifold (M',®,m) to 
an almost Golden manifold (M, P) such that the condition dp® = Pdy is satisfied. Then ~ 


is a constant map ifm #5. 


5.2. Maps between almost poly-Norden manifolds and almost complex manifolds. 
Let M’ be a 2n— dimensional real manifold. An almost complex structure J on M’ is a (1, 1) 
tensor field such that 

J? =-I (5.13) 


where J is the identity transformation. Then (M’, J) is called almost complex manifold [18]. 


Theorem 5.3. Let y be a smooth map from an almost poly-Norden manifold (M, ®,m) to 
an almost complex manifold(M', J) such that the condition dp® = Jdy is satisfied. Then 


18 a constant map. 


Proof. Let (M ,®, m) be an almost poly-Norden manifold and (M’, J) an almost complex 
manifold. Suppose that p: M — M’ satisfies dp(®X) = Jdy(X), X €T (TM). Then 


apply J to above equation and using (2.1) and (2.11), we get 
dp (m®X) — dp(X) =—-dyp(X), X€T (TM). (5.14) 


From (5.14) we obtain mJdy(X) = 0 which shows that y is constant due to J is nonsingular. 
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In a similar way, we have the following result. 
Theorem 5.4. Let yp be a smooth map from an almost complex manifold (M', J) to an almost 


poly-Norden manifold (M, ®,m) such that the condition dpJ = ®dy is satisfied. Then ~ is 


a constant map. 


5.3. Maps between almost poly-Norden manifolds and almost product manifolds. 


Let N be an n—dimensional manifold with a tensor of type (1.1) such that 
F? = 1, (5.15) 


where J is the identity transformation. Then we say that N is an almost product manifold 


with almost product structure F’. We put 


Q=5(+F), Q=50-F). (5.16) 
Then we have 
O40 =1, 0 =0,.07=90, 00 =9'0=0 (5.17) 
and 
P=Q-0'. (5.18) 


for details, see:[18}. 
For a holomorphic-like map between poly-norden manifolds and almost product manifolds, 


we have the following result. 


Theorem 5.5. Let y be a smooth map from an almost poly-Norden manifold (M',®,m) to 
an almost product manifold (M, F) such that the condition dp® = Fdy is satisfied. Then yp 


is a constant map if m # #2. 


Proof. Applying F to dp® = Fdy and using and we have 
mdp(®X) = 2dp(X) (5.19) 
for X € T (TM). Applying F to and using we obtain 
(m? — 2)dy(®X) = mdy(X). (5.20) 
Thus from and we get 
(m? — 4)dy(X) = 0 


which gives proof. 
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In a similar way, we have the following result. 


Theorem 5.6. Let y be a smooth map from an almost product manifold (M, F) to an almost 
poly-Norden manifold (M’',®,m) such that the condition dpF = @dy is satisfied. Then yp is 


a constant map ifm #4 #2. 


5.4. Maps between almost poly-Norden manifolds and almost contact manifolds. 
An n—dimensional differentiable manifold M is said to have an almost contact structure 
(,€,7) if it carries a tensor field ¢ of type (1,1), a vector field € and 1— form 7 on M 


respectively such that 


PF =-1+7@E, GE =0,n0G=0,n(€) =1 (5.21) 
where J is the identity transformation [2]. 


Theorem 5.7. Let y be a smooth map from an almost contact manifold (M, ¢,n, €) to an 
almost poly-Norden manifold (M’',®,m) such that the condition dpg = Ody is satisfied. 


Then vy is a constant map. 


Proof. Using and we have 
mbdp(X) = n(X)de(§) (5.22) 
for X €IT(TM). Using the second relation of in and applying we find 
m@dy(X) = dyp(X). (5.23) 
Using once again and the relation dpg = ®dy we get 
(m? — 1)@dy(X) = mdy(X). (5.24) 


Thus from (5.23) and (5.24) we obtain dp(X) = 0, VX €T(TM). 


In a similar way, we have the following result. 


Theorem 5.8. Let » be a smooth map from an almost poly-Norden manifold (M', ®,m) 
to an almost contact manifold (M, @, n,€) such that the condition dp® = gdp is satisfied. 


Then vy is a constant map. 


Remark 5.1. In this paper, we introduce a new manifold defined by a new mean given 
in [13]. As we have seen, this new manifold has rich geometric properties and it is also 
useful to characterize certain maps. Therefore, we invite readers to explore further geometric 


properties of this new class. 
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OPERATORS ASSOCIATED WITH OF GOLDEN RIEMANNIAN 
STRUCTURES ON TANGENT AND COTANGENT BUNDLES 


HASIM CAYIR* 


ABSTRACT. In this paper, operators were applied to vertical and horizontal lifts with respect 


to the Golden Riemannian structures on tangent and cotangent bundles, respectively. 


1. INTRODUCTION 


For a manifold M, let y be a (1,1)—tensor field on M. If the polynomial X? — X — 1 
is the minimal polynomial for a structure y satisfying y? — y — 1 = 0, then y is called a 
Golden structure on M and (M,) is a Golden manifold [1 [56]. This structure was inspired 
by the Golden Ratio, which was described by Johannes Kepler (1571 — 1630). The number 
= Bee = 1.618..., which is a solution of the equation 2? — 2 — 1 = 0, is the Golden ratio. 
We note that for Golden structures, y 4 al, whereae€ R. If p=al,a= a then its 
minimal polynomial is X — a. However, the minimal polynomial of the Golden structure y 

is X?- X-1. 
Let (M,g) be a Riemannian manifold endowed with the Golden structure y such that 

(6 

9 (eX, Y) =9 (X,Y) (1.1) 
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for all X,Y € S$ (M). If we substitute pX into X in (1.1), the equation (1.1) may also 


be written as 
9 (pX, pY) =9 (v’X,Y) =9((p +1) X,Y) =9(pX,Y) +9(X,Y). (1.2) 


The Riemannian metric (1.1) is called y-compatible and (M, y, g) is named Golden Riemann- 
ian manifold. Such Riemannian metrics are also referred to as pure metrics [7] [11]. 
Let y be a (1.1)-tensor field on M, ie. py € St (M). A tensor field ¢ of type (r,s) is called 


a pure tensor field with respect to if 


12 ii 
t (eX Xan Kei Bsn = t Ai PXayvs: Sat ae é) 


Sen Pee, a :) 
1 

Cee CMe. ee ve, é greey :) 

12 2” 

Mig Koy eg dg Gy yaa, e) 


12 : 
for any X1, X2,..., Xs € S$} (M) and €,€,...,€ € S? (M), where ¢ is the adjoint operator of 
yy defined by 

(‘v6) (X) = €(~X) = (Gop) (X),X € 95 (M),€€ SIM). 

We define an operator 
op S33 (M) > S341 (M) 

applied to the pure tensor field t of type (0,5) with respect to y by 

CAO. Ge frets £) ae men (9G) 0 Cemere £0 Loe aS a prere fy 

+ (is lige De Ye) 

for any X,Yi,..., Ys € 36 (M), where Ly denotes the Lie differentiation with respect to Y. 


1.1. The Golden structure on tangent bundle T (17). Golden structure on a Riemann- 
ian manifold is important because this structure has relation with pure Riemannian metrics 
with respect to the structure. Pure metrics with respect to certain structures were studied by 
various authors (for example see [7] [8], etc.). Since Riemannian Golden and almost product 
structures are related to each other (see Theorem 2.3 in [4]), the method of ¢—operator used 


in the theory of almost product structures can be transferred to Golden structures. 
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Definition 1.1. The Sasaki metric on the tangent bundle T (M) is defined by 


"fk =a); (1.3) 
hx oe gy) =0 (1.4) 
Pg (Xi SG Y (1.5) 


for all X,Y € S$ (M) (see [13], p. 155-175). It is obvious that the Sasaki metric %g is 


contained in the class of the so-called g—natural metrics on the tangent bundle. 


Definition 1.2. The Golden structure J on tangent bundle T (M), which implies J2—J—I = 
0, defined by [4] 


ie + v5Xx) (1.6) 
(60) 


Nl rR w]e 


for all X,Y € 3 (M). 


Theorem 1.1. Let (M,g) be a Riemannian manifold and let T(M) be its tangent bundle 
equipped with the Sasaki metric °g and the Golden structure eg defined by (1.6. The triple 
(7(M) J 9) is a Golden Riemannian manifold. 


1.2. The Golden structure on cotangent bundle T* (1). 


Definition 1.3. A Sasakian metric °g is defined on T* (M) by the three equations 


ey (w”, 0”) = Cm (w,6))” =g '(w,0) on, (def) 
59 (wY,¥*) =0, (1.8) 
So (X87 Y¥") = QGY))” =G(X,Y) on (1.9) 


for any X,Y € S$(M) and w,@ € 3? (M). Since any tensor field of type (0,2) on T* (M) is 
completely determined by its action on vector fields of type X” and w” (see , p. 280), it 
follows that %g is completely determined by the equations (1.7), (1.8) and (1.9). 
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Definition 1.4. The Golden structure ~ on T* (M) defined by [A] 


oxXH = (x¥ + vbx") (1.10) 


(W” + V50% ) 


Gu = 


NlR NI] eR 


for any X € Sh (M) and w € 939(M), where X = go X €939(M), = g-tow € St (M). 


Also note that °g is pure with respect to @. 


2. MAIN RESULTS 


2.1. The Tachibana operators applied to vertical and horizontal lifts with respect 


to the Golden structure on tangent bundle and cotangent bundle. 


Definition 2.1. Let p € St(M), and S(M) = S>°_, S7(M) be a tensor algebra over R. A 


r,s=0 


* 
map $o |,..91 S(M) + S(M) is called a Tachibana operator or dy operator on M if 


a) $y is linear with respect to constant coefficient, 
b) dy: 9(M) > 8%, ,(M) for all r and s, 
) do K & L) = (pK) @ L+ K @ dol for all K,L € 3(M), 
d) byxY = —(Lyy)X for all X,Y € 3)(M) where Ly is the Lie derivation with respect 
to Y, 


e) 


Cc 


(oxm)¥ = (d(wyn))(pX) — (dley (nog)))X + n((Ly¢)*) (2.11) 


= X(t) — X(agyn) + n((Lyy)X) 


C * 
for all 7 € S9(M) and X,Y € 934(M), where ayn = 7(Y) = 1 @ Y,3%(M) the module of 
all pure tensor fields of type (r,s) on M according to the affinor field y [9] (see for 
applied to pure tensor field). 


Theorem 2.1. Let Lx the operator Lie derivation with respect to X , J be the Golden 
structure on tangent bundle T(M), which implies J? —~ J —1I =0, defined by and 0; 
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the Tachibana operator on M. We get the following formulas 


where R is the curvature tensor of V, X,Y € 39 ( 
Proof. 


djxv¥™ 


OjxH as 


V5 


i) Pree = a UR, X) U)” +(VxY)*), 
ii) Ojxn¥"% = -Bvxy" +(RWX) Oye), 
tit) G2yvY" = YoY)’, 
iv) OjynY" = Bal Pas 


i) 


-5((M x1" - (2% x)U)") 


2 


M) and Je 3} (M). 


ze os j) RS k hex 
a re = (xv +V5x") + we 
Ferra (6 


—(R(Y,X)U 


eae 


ws 


be 
my 


OXY) 4 
V5 
72 


J(Y, XJ" —(R(¥,X)U)") 


yx ad Yk ed ee 


V5 


as [Y, X]" + (VxY)") 


xu’ - Bor 


-2yxv Bev 


ene =e 


ov eed 


Fea Sa (Y,X)U)* 


5 (RY, x) 0)" 


V5 1 
Pa WGA) = SUR 


(Y,X)U)” 
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iti) 


Slept Xk liye” 


V5 
2 


V5 


=. 


Ozxv¥™ 


II 
| 
——™~ 
Ww 
x 
Gir 
Sy 
> 
< 
II 


1 
Lyv(5X" Lx) 


1 
= gly x" = 


= V5 yH yv] 
2 


_ Boxy)’ 


Lege xX 


iv) 


bixnVY = - (LyvJ) 8 SetevI ti 


lea, V5 
2 : 


XY) + HY, X]" — (Vy X)") 
v5 


= 


= Lyv ( 


1 


= —ilyv xX? — VB XY +51¥, XY £2 [ex 


Theorem 2.2. Let Vx be the operator covariant derivation with respect to X, p be the 
Golden structure on T*(M) defined by §1.10) and og the Tachibana operator on M. We get 


the following formulas 


i) ¢gye¥" = mee (g(VyX))" + se (gly X)" + ” (9° (PR(Y,X)))" 
it) dgwvY" = ~ ((Lyg7*) ow)" = e (97 (Lyw))" 
= (P(R(Y,g-tow)))” + oe (9-1 (Vyw))", 
iti) bg.v0" = ysis 
iv) dgxnw” = me (9-1 (Vxw))” , 


where R is the curvature tensor of V, 6 € S}(M), X,Y € S$(M) and w € 39(M), 


X =g0oX €99(M), ®@=g lowe Sh (M). 
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Proof. i) 

doxnY! = (LyxG)X" = —Lyn GX" + Glyn XxX? 
=m bye px 4 VERY 49 ((v, x} + (PRX))”) 
= 5 exe] Dye 8] pou xi + PRX”) 
= -Ly.xyt— proxy” - Biv @ox)” +5 x1" 

inx x" +5 (PR(Y,X))" +B prw.x)” 
= 2 (g (Vy.X))” + (onyx) +2 (9 (PRWX))” 
ii) 
bouvY™ = —(Lyx¢)wY =—Lyxgw’ + GLy nw” 


1 
= Lyn 5 (wh + V5H") + 6 (Vyw)” 


iti) 


bouv0Y = —(LovG)wY = —LyvgGw’ + GLyvu" 
1 
= —Lyv 5(w¥ + V 5a) 
AH 


9) 
= —5Lavu™ = hg 


= ee (Ve0)” 


v5 v 
= | (V (g-tow)9) 
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iv) 


doxuw’ = —(LvG)X" =-LivGX" + GL vx" 
= LyX" ! ay @(Vxw)" 
= ~Shv xh = as - : (Vxw)" 
me (97! (Vxw))" 
= ; (Vxw)” - ; (Vxw)” — we (gy (Vxw))" 
- = (9-1 (Vxw))" 


2.2. The Vishnevskii operators applied to vertical and horizontal lifts with respect 


to the Golden structure on tangent bundle and cotangent bundle. 


Definition 2.2. Suppose now that V is a linear connection on M, and let p € S}(M). We 
can replace the condition d) of definition|2. 1] by 


d) tyxY = VoxY —yVxY (2.13) 


for any X,Y € Sh(M). Then we can consider a new operator by a Vishnevskii operator or 
3 
W,— operator on M, we shall mean a map wy, : S(M) > S(M), which satisfies conditions a), 


b), c), e) of definition|2. 1] and the condition (d') [2\ 3) 9). 


Let w € S9(M). Using Definition 2.2} we have 


(byw) (X,Y) = (dyxw)¥ (2.13) 


(eX) (uyw) — X(tpyw) — w (VoxY — 9 (VxY)) 


(Voxw — Vx (woy))Y 


for any X,Y € S4(M),where (wo y) Y =w(yY). From (2.13) we see that pyxw = Vyxw — 
Vx (woy) is a 1—form [9]. 


Theorem 2.3. Let V" be the horizontal lift of the Levi-Civita connection V in M to T (M) 
and J be the Golden structure on tangent bundle T (M), which implies J?—J—I =0, defined 
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by (2.6). wz the Vishnevskit operator on M. We get the following formulas 


ii) 


iii) 


iv) 


it) bixvY" = reas 
ii) bixvY" = xy)", 
iit) bjynY® = ST oe 
iv) biyn¥" = Bway), 


where R is the curvature tensor of V, X,Y € S}(M) and J € 3! (M). 


Proof. i) 


bixv¥" = 


bixvY™ aa 


Vixv¥" —IVxVY" = Vivaysxay¥ — IV RVY" 
sViewe a BonyH 

8 vxy)! 

Vogl HIV ay = Vicxv4yaxHy)! — IVEY’ 
a ad + ae 

(vax)! 

Vie nV —IVAnY" = oem ysxv¥" —J(VxY)" 
5 Vin + Vogt y# = ; (Vxy)? = e (VxY)" 
Lyx) devayy® -Bivery 

yxy)" 


Vig” SIVeaY =v 


JXH LXH VBXV 
1 V5 1 V5 
aVxuY" + a VxvY a5 (VxY)" - = (VxY)" 
v5 H 
(VxY) 
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Theorem 2.4. Let V" be the horizontal lift of the Levi-Civita connection V in M to T* (M) 
and ~ be the Golden structure on T* (M) defined by and wg the Vishnevskii operator 


on M. We get the following formulas 


i) be.vY" = P iciuial) 
ii) g.v0" = YP (paanet) 
iii) baxnY? = - g(Vx¥) 
iv) bgxnwY = ag (Vxw)) 


where R is the curvature tensor of V, 6 € S}(M), X,Y € S$(M) and w € 39(M), 
X=goX €99(M), @=g ow € 94 (M). 


Proof. i) 
H H vH _ >= ~JH yH H H 
Vou ¥ = Vow Y OV vr HV iV 445 (g-tow) > 
= avi py 4 Vou av 
- 
— OV g-touyt¥)? 
Vv A Vv =~VWH av vol 4 
Pau a View 9 eave = Vi v4 BB (g-tou) 
lon pv V5 Gu Vv 
= 5 Vave + OVH saan 
i 


| > (V (g-towy 8)" 


iti) 


bextY" = Von" — OVEnY" = Vaxty veg?” (VxY) 
= 5 (Vx¥) + Oye Vib w¥" — 5 (Vx¥)! 
“Bena 
= -Bg(vxry” 
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iv) 
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V _ pH (V_-sgH ,V_voH V_« V 
Vexnw = Veynw — PVxnw = Ving yee! — ~(Vxw) 


1 i) 1 
= 3 (Vxw)” + 3 Vave = 3 (Vxw)” 


8 (6 Vx)" 


= 2 Vxe))" 
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POINTWISE SEMI-SLANT SUBMERSIONS WHOSE TOTAL 
MANIFOLDS ARE LOCALLY PRODUCT RIEMANNIAN MANIFOLDS 


CEM SAYAR*, FATMA OZDEMIR AND HAKAN METE TASTAN 


ABSTRACT. In this paper, we study pointwise semi-slant submersions from locally product 
Riemannian manifolds onto Riemannian manifolds. We give example and necessary and 
sufficient conditions for the integrability and totally geodesicness of all distributions which 
are mentioned in the definition of the pointwise semi-slant submersion. Moreover, we give a 
characterization theorem for the proper pointwise semi-slant submersions with totally um- 
bilical fibers and first variational formula on the fibers of a pointwise semi-slant submersion. 
In the view of that formula, finally we obtain necessary and sufficient condition which is 


new approach to check the harmonicity of a pointwise semi-slant submersion. 


1. INTRODUCTION 


The theory of submanifolds is a very productive area in differential geometry. In the virtue 
of a smooth map between Riemannian manifolds, a submersion is one of the some ways to 
get a submanifold. Riemannian submersions were studied first by O’Neill and Gray 
[11]. Later Riemannian submersions considered with differentiable structures of manifolds. 
Watson defined submersions between almost Hermitian manifolds by taking account of 


almost complex structure of total manifold. 
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In this case, the vertical and horizontal distributions are invariant. Afterwards, almost 
Hermitian submersions have been extensively studied different subclasses of almost Hermitian 
manifolds, for example; see [9]. 

The notion of anti-invariant submersion from an almost Hermitian manifold onto a Rie- 
mannian manifold was first defined by Sahin [22]. He also studied such submersions from 
Kahlerian manifolds onto Riemannian manifolds. In this case, the fibers are anti-invariant 
with respect to the almost complex structure of the total manifold of the submersion. More- 
over, he studied slant and semi-invariant submersions under new conditions. A 
Lagrangian submersion is a special case of an anti-invariant Riemannian submersion 
such that the complex or almost complex structure of the total manifold reverses the vertical 
and horizontal distributions to each other. 

Recently, it has been defined and studied that there are several new Riemannian submer- 
sions between different types of manifolds; such as slant submersions (24) [14], semi-invariant 
submersions [21] [26], generic submersions [2] [5], semi-slant submersions [20], pointwise slant 
submersions [18], anti-invariant submersions [30], hemi-slant submersions [4] [29], para- 
contact para-complex semi-Riemannian submersions [16], conformal semi-slant submer- 
sions [I], semi-slant €4— Riemannian submersions [3]. We note that some of these submer- 
sions have been extended to the subclasses of almost contact manifolds, for example; see 
[27]. Recent developments on the theory of submersion could be found in the book, [23]. 

In the present paper, we consider pointwise semi-slant Riemannian submersions from lo- 
cally product Riemannian manifolds onto Riemannian manifolds. The paper is organized as 
follows. In section 2, we recall the fundamental equations and notions of a Riemannian sub- 
mersion. In section 3, we will provide a brief view of locally product Riemannian manifolds. 
We study on pointwise semi-slant submersions and give necessary and sufficient conditions for 
the integrability and geodesicness of the distributions which are mentioned in section 4. In 
particular, we give a characterization theorem for the totally umbilical fibers of the pointwise 
semi-slant submersions and some results for pointwise semi-slant submersions with parallel 
canonical structures in section 5. The last section of this paper includes a new notion. We 
define the first variational formula on the fibers of the pointwise semi-slant submersions. By 
the virtue of this formula, we prove a theorem for the harmonicity of such submersions and 


give some interesting results. 
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2. RIEMANNIAN SUBMERSIONS 


In this section, we give necessary background for Riemannian submersions. 


Let (M,g) and (N, gn) be Riemannian manifolds, where 
dim(M) > dim(N). A surjective mapping 7 : (M,g) > (N,gn) is called a Riemannian 
submersion if 


(S1) 7 has maximal rank, and 
(S2) my, restricted to kerr}, is a linear isometry. 


In this case, for each g € N, 77 ! — 7~1(q) is a k-dimensional submanifold of M and called 
a fiber, where k = dim(M)—dim(N). A vector field on M is called vertical (resp. horizontal) 
if it is always tangent (resp. orthogonal) to fibers. A vector field X on M is called basic if X 


is horizontal and 7-related to a vector field X, on N, i.e., 7X) = X. for all p € M. We 


*m(p) 
will denote by V and H the projections on the vertical distribution kerz,, and the horizontal 
distribution (kerm,)+, respectively. As usual, the manifold (M,q) is called total manifold 
and the manifold (N, gy) is called base manifold of the submersion 7 : (M,g) > (N, gn). 
The geometry of Riemannian submersions is characterized by O’Neill’s tensors JT and A, 


defined as follows: 


TaV =VVyagHV + HVyaVV, (2.1) 


AgV = VV ngGHV + HV ygVV (2.2) 


for any vector fields U and V on M, where V is the Levi-Civita connection of g. It is easy 
to see that Jj and Ay are skew-symmetric operators on the tangent bundle of M reversing 
the vertical and the horizontal distributions. We now summarize the properties of the tensor 
fields J and A. Let V,W be vertical and X,Y be horizontal vector fields on M, then we 


have 


TVW =TwV, (2.3) 


AxY =—AyX = SUX, Y]. (2.4) 
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On the other hand, from (2.1) and (2.4), we obtain 


VvW =TwW+VvW, (2.5) 
Vy X =TyX +HVpX, (2.6) 
VxV = AxV +VVXxV, cag) 
VxY =HVxY + Ay, (2.8) 


where Vvw = VVvW. Moreover, if X is basic, then we have 
HVyX =AxV. (2.9) 
Remark 2.1. In this paper, we accept all horizontal vector fields as basic vector fields. 


It is not difficult to observe that 7 acts on the fibers as the second fundamental form while 
A acts on the horizontal distribution and measures of the obstruction to the integrability 
of this distribution. For details on the Riemannian submersions, we refer to O’Neill’s paper 


[19] and to the book [9]. 


Finally, we recall that the notion of the second fundamental form of a map between 
Riemannian manifolds. Let (M,g) and (N, gn) be Riemannian manifolds and  : (M,g) > 


(N, gn) be asmooth map. Then, the second fundamental form of y is given by 
(Vy.)(E, F) = Vip — 9s(VeF) 


for E, F € 1(TM), where V*® is the pull back connection and we denote for convenience by 
V the Riemannian connections of the metrics g and gy. It is well known that the second 
fundamental form is symmetric [6]. Moreover, y is said to be totally geodesic if (Vps)(E, F) = 
0 for all E, F € (LM), and ¢ is called a harmonic map if trace(Vy,) = 0 [6]. 


3. LOCALLY PRODUCT RIEMANNIAN MANIFOLDS 


Let M be an m-dimensional manifold with a tensor field of type (1,1) such that 


Fe =f, (F £41), (3.10) 
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where J is the identity morphism on the tangent bundle TM of M. Then we say that M is 
an almost product manifold with almost product structure Ff. If an almost product manifold 


denoted by (M, F’) admits a Riemannian metric g such that 


g(FU, FV) = g(U,V) (3.11) 


for all U,V €T(TM), then M is called an almost product Riemannian manifold. 


Next, we denote by V the Riemannian connection with respect to g on M. We say that 
M is a locally product Riemannian manifold, (briefly, l.p.R. manifold) if we have 
(Ve FV =0 (3.12) 


for all U,V € T(TM) [3]. 


Finally, recall that, if a manifold M can be written as a product of two totally geodesic 


submanifolds of it, then M is called a locally product of two submanifolds. 


4. POINTWISE SEMI-SLANT SUBMERSIONS 


In this section, we will define pointwise semi-slant submersion and study on geometry of 


it. Before we start, we remind the definition of pointwise slant submersion. 


Definition 4.1. ((18]) Let 7 be a Riemannian submersion from an almost Hermitian man- 
ifold (M,g,J) onto a Riemannian manifold (N,gn). If, at each given point p € M, the 
Wirtinger angle 0(V) between JV and the space (ker) is independent of the choice of the 
nonzero vector V € (kerm,), then we say that 7 is a pointwise slant submersion. In this 
case, the angle 0 can be regarded as a function on M, which is called the slant function of 


the pointwise slant submersion. 
Now, we define a new kind of submersion as in the following. 


Definition 4.2. Let (M,g, F’) be al.p.R. manifold and (N, gn) be a Riemannian manifold. A 
Riemannian submersion m : (M,g, F) > (N, gn) ts called a pointwise semi-slant Riemannian 


submersion, if there is a distribution D C kerr, such that 
kerr, =D®OD—, FD=D, (4.13) 


where Dg is orthogonal complement of D in kerr, and the angle 0 = 0(X) between FX and 


the space (Dg)p is independent of the choice of nonzero vector X € T((Dg)p) forp€ M i.e. 
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0 is a function on M, which is called slant function of the pointwise semi-slant submersion. 


We say that x is proper if the slant function is 040 and0 4 7/2. 


Remark 4.1. From now on, instead of pointwise semi-slant Riemannian submersion, we 


will use briefly pointwise semi-slant submersion. 


In this case, for any V € (kerm,) , we have 
V=PV +4 OV, (4.14) 


where PV €I(D) and QV €T (Dp). 
For V € T(kerz,.), we have 


FV = oV +o, (4.15) 


where dV €V(kermts) and wV €T (kerr). 


For € € TV (kernzt), we have 
Fé = BE+CE, (4.16) 


where BE € kern, and CE € (kernz). 


For any E €T(TM), we obtain 
E=VE+HE, (4.17) 


where VE €V(kerms) and HE € T(kern}). 


Therefore, the horizontal distribution (kern,)+ is decomposed as 
kernt = wDe @ p, (4.18) 


where 1 is the orthogonal complementary distribution of wD9 in (kernz?), and it is invariant 


with respect to F’. 


Example. Consider the Euclidean 6-space R® with usual metric g. Define the almost product 


structure F on (R®°,g) by 
FO, =0,, F02=0,, F0s;=04, FO,=03, FO;=05, FO¢ = —0¢, 


where 0; = -2, i =1,---,6 and (%1,%2,°+: ,@) are natural coordinates of R°. Now, we 


define a map 7: R® > R° by 


m(t1,°°° , x6) m= (fi, fos fs) 
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where 


fo = ( + (/2—1)22 a= 2a); 


fs = (a1 + (V2 — 1)x2 — 23 — 44 + 26), 
and «2; # 73. Then, the Jacobian matrix of 7 is: 


it “ost =f 2. ol 
mm “221, ee, 1 0: ST: (4.19) 
it 4 =f =f @ 1 


Since the rank of this matris is equal to 3, the map 7 is asubmersion. After some calculations, 


we see that 
kerr, =DO®ODsg, 
where 
D = span{05}, 
and 


1 1 
Do Sen 59! | pies + 03,2301 + £103}. 


Moreover, the slant function of Dg is 0 = arccos(5 ). By direct calculation, we 


v3 
(a1)? +(a3)? 


see that 7 satisfies the condition (S2). Hence the map 7 is a proper pointwise semi-slant 


submersion with the slant function 6. 


Using (3.10), and (4-16), we get the following useful facts. 


Lemma 4.1. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M,g, F) 


onto a Riemannian manifold (N, gn).Then, we have 


(a) ¢? + Bw =I, (b) w/ + Cw = 0, 


(c) ¢B + BC =0, (d)wB+c? =I, 


where I is the identity operator on TM. 


By using (4.13)~(4.18), we get the following two results. 
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Lemma 4.2. Let 7 be a pointwise semi-slant Riemannian submersion from a l.p.R. manifold 


(M,g9,F') onto a Riemannian manifold (N,gn).Then, we have 


(a) ¢D=D_— (b) dDgC Dg (c) wD= {0}. 


Lemma 4.3. Let 7 be a pointwise semi-slant Riemannian submersion from a l.p.R. manifold 


(M,9,F') onto a Riemannian manifold (N,gn).Then, we have 


(a) B(FDe)=Do (6) Bu={0} (ce) C(FD9)=wDg (d) Cu=u. 


Now we investigate the effect of the almost product structure F' on the O’Neill’s tensors 
T and A of a pointwise semi-slant Riemannian submersion 


a: (M,Q9, F) > (N, gn). 


Lemma 4.4. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M,g, F) 


onto a Riemannian manifold (N, gn). Then, we have 


VvoW + TywW = ¢VvW+ BTW, (4.20) 
TvoW +HVywW =wVyW +CTW, (4.21) 
VV Bn + AcCn = Agen + BHV en, (4.22) 
AcBn + HV Cn = wAgn + CHV en, (4.23) 
Vy BE + TyCé = oTvE + BHV VE, (4.24) 
Ty BE + UV yCé = wTyE + CHV VE, (4.25) 
VVedbV + AewV = BAGV + dVVEV, (4.26) 
AcbV + HVewV = CAV + wVVEV, (4.27) 


where V,W €T(kerr.), and €,n € T'(kernz). 
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Proof. For any V €T'(kerm,) and € € T'(kerm), using (3.12), we have 
FVV = VeFV. 


Hence, using (2.7), (2.8), and (4-16), we obtain 


BAgV +CAgV + dVVEV + WwVVEV = AcbV + VV EbV + AgwV + HV ew. 


Taking the vertical and horizontal parts of this equation, we get (4.26) and (4.27). The other 


assertions can be obtained by using (2.5)~.8), and (4-16). 


Proposition 4.1. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F’) 


onto a Riemannian manifold (N, gn). Then, we obtain 
b?X = cos’0X, (4.28) 


for X €T(Do), where 6 denotes the slant function. 


Proof. For any non-zero X € I'(Dg) we can write following equations: 
g(FX,bX) _ 9(X,¢°X) |x| 
cos? = - and cos? = 
IFX||eX| | X||eX| |Fx| 


Then, we obtain 


og — 9X $2X) |X! 


COs ‘ 
[X||oX| [FX 


Therefore, we get the equality 
g(cos0X, X) = g(X, ¢°X), 
which gives the assertion. 


Remark 4.2. We easily observe that the converse of the Proposition|4. | also holds. 


Now we give a theorem for pointwise semi-slant submersions, which has similar idea with 


the Theorem 4.2. in [25]. 


Theorem 4.1. Let 7 be a pointwise semi-slant Riemannian submersion from a lLp.R. man- 
ifold (M,g,F) onto a Riemannian manifold (N,gn). Then, 7 is a pointwise semi-slant 
submersion if and only if there exists a constant A € [0,1] such that 


(a)D' ={x ED |¢?X = rAX}, 
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(b) For any X €T(TM), orthogonal to D’',wX = 0. 


Moreover, in this case = cos?6, where 6 denotes the slant function. 


Proof. Let 7: (M,g, F) > (N, gw) be a pointwise semi-slant submersion. Then, 

= cos?6 and D’ = Dy. By the definition of the pointwise semi-slant submersion, 

wX =0, where X belongs to orthogonal complement of D’. 

Conversely, (a) and (b) imply that TM = D@®D’. Since gD’ C D’, from (b), D is an 
invariant distribution. Thus, 7 is a pointwise semi-slant submersion. 


Now, we investigate the integrability conditions for invariant and slant distributions. 


Theorem 4.2. Let a be a pointwise semi-slant Riemannian submersion from an almost 
product Riemannian manifold (M,g,F) onto a Riemannian manifold (N,gn). Then, the 


invariant distribution D is integrable if and only if 
o(VyW = VwV) ED, (4.29) 
for V,W €T(D). 


Proof. For V,W € I(D) and X € I(Do), we know [V,W] € D if and only if 
F[V,W] € D. So by (4.15) we obtain, 


g( FIV, W], X) =9( F(VVW — VwV),X) 
=g(F(TvW + VvW —TwV -VwV),X) 
=g(o(VyW — VwV),X). 


Thus, [V,W] € D if and only if d((VyW — VwV) €D. 


In a similar way, we get the following theorem. 


Theorem 4.3. Let a be a pointwise semi-slant Riemannian submersion from an almost 
product Riemannian manifold (M,g,F) onto a Riemannian manifold (N,gn). Then, the 


slant distribution Dg is integrable if and only if 
o(VxY — VyX) € Do, 
for X,Y €T (Dp). 


If we consider the total manifold l.p.R. instead of almost product Riemannian, we obtain 


the following results. 
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Lemma 4.5. Let a be a proper pointwise semi-slant submersion from a Lp.R. manifold 


(M,9,F) onto a Riemannian manifold (N,gn). Then, we have the followings 
i) g(VvW,X) = csc? 0{g(TvW,wX) + g(TvdW,wX)} (4.30) 
it) g(VxY,V) = csc? O{9(TxwoY, V) + g(TxwY, oV)} (4.31) 
where @ is the slant function, V,W €T(D) and X,Y €T (Do). 


Proof. Let V,W €T(D) and X,Y € I(Dg). Then, by using (3.11) and (4.15), we 


obtain 
g(VvW, X) =9(VVFW, FX) 
=9(VVFEW, 6X) + g(VVFW,wX) 
=9(VvW, 6°X) + g(VyW,weX) + g(Vv dW, wX). 
If we regard (4-28), (2.5) and for the last expression, we get the following equality 
(1 — cos? 0)g(Vy W, X) = g(TvW, whX) + o(TvoX,wX). 


So, that is what we needed. 


For the second equation we apply the same idea. Let X,Y € ['(Dg) and V € I(D). Then by 
using and (4.15), we get 
IVxY,V) =9(VXFY, FV) 
=9(Vx¢Y, FV) + g(VxwY, FV) 
=9(Vx#Y,V) + o(VxwoY,V) + o(VxwY, FV). 
If we consider (4.28), (2.5) and with the last equation, we get the following 
g(VxY,V) =9(V x (cos 0), V) + g(Vxw6Y, V) + g(VxwY, FV) 
=g(—(sin 20)(X8)Y, V) + g(cos? OVxY,V) + g(Txw@Y, V) 
+g(TxwY, eV). 
Therefore, since g(—(sin 20)(X6)Y, V) = 0, we get the assertion. 


Theorem 4.4. Let a be a proper pointwise semi-slant submersion from a l.p.R. manifold 
(M,g,F) onto a Riemannian manifold (N, gn). Then, the invariant distribution D is inte- 


grable if and only if 


g(TvoW — TwoV,wX) =0, 
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for V,W €T(D) and X €T (Do). 
Proof. Let V,W €I(D) and X € T(De). Then, by Lemma [4.5] and (2.3), we have 


g([V, W], X) =9(VVW, X) — g(VwV, X) 
= csc” O{g(TvW, woX) + g(Tv dW, wX) 
—9(TwV,wdX) + 9(TwoV,wX)} 
= csc” O{9(Tv dW, wX) — g(TwoV,wX)}. 


Therefore, D is integrable if and only if g(Tv@W — Tw@V,wX) = 0. 


In the same way, we examine the slant distribution. 


Theorem 4.5. Let a be a proper pointwise semi-slant submersion from a l.p.R. manifold 
(M,9,F') onto a Riemannian manifold (N, gn). Then, the slant distribution Dg is integrable 


if and only if 
g(TxwoY — TywoX,V) = g(TywX — TxwY, dV) 
for X,Y €T(De) and V ETDg. 
Proof. Let X,Y €T(Dg) and V ET(D). By using Lemma|4.5| we obtain 


g([X, Y], V) =csc? 0{9(TxwoY, V) + o(TxwY, dV) 
—9(TywoX,V) + g(TywX, oV)}. 
Thus, slant distribution Dg is integrable if and only if 
WTxwoY — TywoX,V) = g(TywX — TxwY, oV). 


Now, we focus on that in which conditions the distributions, which we study on, define 


totally geodesic foliation. 


Proposition 4.2. Let x be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F) 
onto a Riemannian manifold (N, gy). Then, kerr, defines a totally geodesic foliation if and 


only if 
C(Tv dW + HVywW) + w(Vyow + TywW) =0, (4.32) 


for V,W €T(kerz,). 
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Proof. For V,W €T(kerz,), by using (2.5), and (4.15), we get 
VvW =FVVFW = F(VvoW + VvyoWw) 
=F(TvoW + VvoW + TywW +HVyow) 
=BTy 6W +CTvéW + dVvoW +wVv dW 
+ dTywW +wTywW + BUVywW + CHVywW. 
Therefore, kera, defines a totally geodesic foliation if and only if 


C(TvoW + HV ywW) +u(VyoW + TywW) = 0. 


Proposition 4.3. Let a be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F’) 


onto a Riemannian manifold (N, gn). Then, kernt defines a totally geodesic foliation if and 


only if 

B(AgBn + HVeCn) + (VV eB + AgCn) = 0, (4.33) 
for €,n €T (kerr). 
Proof. This proof can likewise be done using the techniques of the proof of Proposition 


[4.2]. 
In the view of Proposition [4.2] and Proposition [4.3] we obtain the following result. 


Corollary 4.1. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F’) 


onto a Riemannian manifold (N,gn). Then, M is a locally product Mpern, X Myerri if 


and only if (4.82) and §4.335) hold, where Myrerz, and M,,,,1 are integral manifolds of the 
* kerm; 


distributions kern, and kern{, respectively. 


Proposition 4.4. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F’) 
onto a Riemannian manifold (N,gn). Then, the invariant distribution D defines a totally 


geodesic foliation on kerr. if and only if for U,V €T(D), 


Q(BTuéV + éVudV) =0 and (CTy dV +wVudV) = 0. (4.34) 


Proof. For U,V € T(D), from (2.5), (2.6), (4.15) and (4.16) we obtain 
VuV =FVyFV = F(VudV + VywW) 
=F(VuéV) = F(TudV + VuwV) 


=BTy ¢V + CTu dV + dVuwV + wVywv. 
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Therefore, we obtain the assertion. 


Proposition 4.5. Let x be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F) 
onto a Riemannian manifold (N,gn). Then, the slant distribution Dg defines a totally geo- 


desic foliation on kerr, if and only if for 


X,Y €T (Ds), 
P(B(Tx6Y +HVxwY)+0(TxwY + Vx¢Y)) =0 (4.35) 
and 
w(VxdY + TxwY) + C(Txd¥ + HV xwY) = 0. (4.36) 
Proof. The argument is same with the proof of Proposition [4.4] 


By Proposition [4.4] and Proposition [4.5] we have the following result. 


Corollary 4.2. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F) 
onto a Riemannian manifold (N, gn). Then, the vertical distribution kerr, is a locally prod- 


uct Mp x Mp, if and only if (4.34) and hold, where Mp and Mp, are intergral 
manifolds of D and Dg, respectively. 


Theorem 4.6. Let 7 be a pointwise semi-slant submersion from a lp.R. manifold (M,g, F) 


onto a Riemannian manifold (N, gn). Then, m is a totally geodesic map if and only if 


w(VyoW + TywW)+C(TvoW +HVywWw) =0 (4.37) 
and 
w(Vy BE + TyC£)+C (Ty BE + HVyCé) = 0 (4.38) 


for V,W €T(kerm.) and € €T(kern}). 


Proof. Since 7 is a Riemannian submersion, we have 


(Vix)(E,9) =0, for £,n €T(kerm). 
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For V,W € I(kerz,), we obtain 


(Vita) (V, W) = VE (1eW) — meV vW 
=—1,(FVyFW) = —2.(F(VyoW + VyuW) 
=—1,(F(TvoW + VyoW + TywW + HVyow) 
= — 7,(BTy dW +CTyoW + Vv dW +wVyow 
+¢TywW +wTywW + BHVywW +CHVywoW) 
=—1,.(CTvdW +uVyoW +wTywW + CHVywW). 

Thus, 


(Vix)(V,W) = 0 & w(VvdW + TywW) + C(Tv dW +HVywW) = 0. By a similar way 


above, for V € I'(kerm,) and € € I'(kerm}), we get 
(Vrre)(V, €) = 0 & w(Vy BE + TCE) + C(TVBE + HVVCE) = 0. 


Recall that the fibers of a Riemannian submersion 7 : (M,g) > (N, gw) is called totally 


umbilical if 
TyV = g(U,V)H (4.39) 
for any U,V € T'(kerz.), where H is the mean curvature vector field of the fiber. 


Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F’) onto a Riemann- 


ian manifold (N, gy). We can define 


(Vud)V = VudV — 6V0V, (4.40) 
(Vyw)V =HVywV —wVoV, (4.41) 
(VuB)é = Vu BE — BHVvE, (4.42) 
(VuC)Eé = HVuCE — CHVE, (4.43) 


where U,V € I'(kerm,) and € € T'(kerm?). 


We say that ¢ (resp. w, B or C) is parallel if Vé = 0 (resp. Vw = 0, VB = 0 or VC = 0). 
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Lemma 4.6. Let 7 be a pointwise semi-slant submersion with parallel canonical structures 
from a Lp.R. manifold (M,g, F’) onto a Riemannian manifold (N, gn). Then for any U,V € 


[(kerm.) and € €T(kernt), we have 


(Vud)V = BTuV — Towv, (4.44) 
(Vyw)V =CTyV — TudV, (4.45) 
(VuB)E = Tug — ToC, (4.46) 
(VuC)§ = wTu€ — Tu BE. (4.47) 


Proof. All of the equations follow from Lemma [4.4] and (4.40) ~ (4.43). 


Theorem 4.7. Let a be a proper pointwise semi-slant submersion with totally umbilical fibers 
from a l.p.R. manifold (M,g, F) onto a Riemannian manifold (N, gn). If dim(De) => 2 and 
@ is parallel, then the fibers of a are totally geodesic or the mean curvature vector field H 


belongs to pL. 


Proof. If the fibers of a are totally geodesic, it is obvious. Let us assume the other 


case. Since dim(Dg) > 2, then we can choose X,Y € I'(Dg) such that the set {X, Y} is 
orthonormal. By using (3.11), (3.12), (4-15), (4-16), and (2.6), we have 
VxFY =FVxY 
VxoY + VxwY =F(TxY +VxY) 
Tx bY +VxdY + TxwY +UVxwY =BTxY +CTxY + 6VxY +0Vxy. 

Therefore, we obtain 

g(VxdY + TxwY, X) =9(BTxY + VxY,X) 

g(OVxY — VxdY, X) =9(TxwY — BTxY, X) 

g((Vxd)Y, X) =g(FTxY — Tx FY, X). 


Since ¢ is parallel, we get 


GFTXY, X) = gTxFY, X). (4.48) 
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Thus, using (4.39) and (4.48), we have 
9(A, FY) =9(7xX, FY) = —-g(Tx FY, X) = -—g(FTxY, X) 


=— g(TxY, FX) = -—9(X, Y)g(H, FX) =0, 
since g(X,Y) =0. So, we deduce that H | wDg. Therefore, it follows H € ys from (4.18). 


Corollary 4.3. Let 7 be a proper pointwise semi-slant submersion with totally umbilical fibers 
from a l.p.R. manifold (M,g,F) onto a Riemannian manifold (N, gn). If (kerts)+ = wDo, 


i.e. tt = {0} and ¢ is parallel, then the fibers of x are totally geodesic. 


Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (/, g, F’) onto a Rie- 
mannian manifold (NV, gn). Then, we say that the fibers of 7 are mixed geodesic, if TxW = 0, 


for all X € T'(De), W E T(D), [26]. 


Theorem 4.8. Let a be a proper pointwise semi-slant submersion from a l.p.R. manifold 
(M,9,F) onto a Riemannian manifold (N, gn). If w is parallel, i.e. Vw =0, then the fibers 


of m are mixed geodesic. 


Proof. Let w be parallel, then for any U,V € T'(kerz.) from (4.45), we have 
CTuV = TudV. (4.49) 
Using (4.49), we obtain 
CTV = Tu¢’V. (4.50) 
If we put U = W €IT(D) and V = X €T(Dp) in and using (4.28), we get 
C?Tw X = cos*6TwX. (4.51) 
On the other hand, using the symmetry property of TJ on ['(kerz,.) and (4-49), we have 
CTX =CTxW =Tx¢’W = TxW, (4.52) 
that is 
CTX = TxW. (4.53) 
Since submersion 7 is proper, from and (4.53), it follows that 


TxW =0. (4.54) 
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Remark 4.3. Most of our results for pointwise semi-slant submersion is similar to semi-slant 


case, see ; 


5. THE FIRST VARIATIONAL FORM OF A POINTWISE SEMI-SLANT SUBMERSION 


In this section, we give a different approach to check whether a submersion is harmonic 


and define the first variational form of a semi-slant submersion. 


Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (IM, g, F’) onto a Rie- 
mannian manifold (NV,gn). Then, we can define the 1-form dual to the vector field F'€, for 


€ €T(kerr?), such that 


o¢ :U(kerts,) + F(my'),aEN 


for all V € T'(kerz,). In the view of and [7], we define the followings. 


The Legendre variations of any fiber of 7, denoted by the set LL, where 


L = {€ €T (kerry) : dog = 0, i.e. o¢ is closed}, 


= 


the Hamiltonian variations of any fiber of 7, denoted by the set E 


E = {€ €T(kern,)+ : if € Fl, ) => of = df, 1.€. og is exact} 
and the harmonic variations of any fiber of 7 are given by the set 
H = {€ €T(kern,)+ : Aog = 0; i.e. o¢ is harmonic}. 


By the definitions of differential and co-differential operators, we observe that 


ECL, HCL and ENH=0. (5.55) 


Now, we examine that in which conditions the 1-form o¢ defined above is a Legendre variation. 


Lemma 5.1. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M,g, F) 


onto a Riemannian manifold (N,gn). The 1-form o¢ is a Legendre variation if and only if 
9(Tu§, OV) — 9(TVv§, OU) = g(AgU, wV) — g(AeV, WU), (5.56) 


for all U,V € T(kern,). 
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Proof. Let U,V be in kerz,. Then, by the definition of differential, and (3.11), 
we obtain 
(dog)(U, V) =Ug(FE,V) — Vo FE, U) — g( FE, [U, V]) 
=Ug(§, FV) — Vo(E, FU) — 9(€, FU, V)) 
=9(Vu§, FV) + 9, VuFV) 
—9(Vv§, FU) — g(f, Vv FU) 
—9(§, FVuV) + 9 (€, FVVU) 
=9(VuE, OV +wV) — g(Vvé, U + wl) 


=9(Vué, eV) T g(Vué, wV) 


—g(Vvé, gu) as g(Vvé, wl) 
=9(TuE, ¢V) + g(HVug, wV) 


—9(Tv&, U) + (HVE, aU). 
Since we may assume € is basic, we have 


(dog)(U,V) =9(Tu§, OV) + g(AcU, wV) 


—9(Tv&, GU) + g(AgV, WU). 
Thus, the assertion follows. 
Lemma 5.2. For € €T(p), o¢ = 0. 
Proof. Let € € T'(w). Then, F€ € [(u). For any V € [(kerz,), we get 
oe(V) = 9(FE,V) =0. 
So, o¢ = 0, for all V € I'(kern,). 


Remark 5.1. Because of Lemma[5.2, throughout this paper, we can assume that H_ belongs 
to [(wDg). 


Proposition 5.1. Let 7 be a pointwise semi-slant submersion from a l.p.R. manifold (M, g, F) 


onto a Riemannian manifold (N, gn) and f be a smooth function on a fiber. Then, F(grad(f)|up,) € 


“5 
vn 
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Proof. Let f be a smooth function on a fiber. For € = F(grad(f)|up,), and any 


V €T(kerz,.), we obtain 


o¢(V) =9(FE,V) = glgrad(f),V) = V[f] = df(V). 


Thus, we get o¢ = df, ie. € € E. 


Let a be a pointwise semi-slant submersion with compact fibers from a l.p.R. manifold 
(M,g, F) onto a Riemannian manifold (N,gy) and € € ['(kerm?). The first variation of the 
volume form of a fiber x7!, for q € N, is defined as follows 


Vi(= =k f 96H. (5.57) 


where k = dim(m;'). We call the fibers; 


e If V (€) =0, for all € € L, then ae is L — minimal, 


e If V'(€) =0, for all € € E, then nm, | is E— minimal, 


e If V'(€) =O, for all € € H, then m+ is H — minimal. 


Remark 5.2. One can easily see that if the fiber is minimal, then the fiber is L,E and 


H — minimal. On the other hand, because of the facts that E C L and H CL, the fiber is 


E— minimal and H — minimal if it is L — minimal. 


Theorem 5.1. Let 7 be a pointwise semi-slant submersion with compact fibers from a L.p.R. 


manifold (M,g, F) onto a Riemannian manifold (N, gn). Then, 


a) The fiber tr! is L— minimal if and only if oy is co-exact. 
q 


(b) The fiber x,‘ is E— minimal if and only if a7 is co-closed. 


(c) The fiber m7" is H — minimal if and only if oy is the sum of an exact and a co-exact 


1-form. 


Proof. 
(a) => : Let the fiber x7! is L— minimal, then for any € € L, we have g(H,€) = 0 from 


(5.57). By the definition of the Hodge star operator [10], we have 


O¢ x on(Mi, Va, seep Ve) — g(€, H)*1(Mi, Va, seey Vz), 


POINTWISE SEMI-SLANT SUBMERSIONS 111 


for Vi, V2,..., Vz € U(kerm,). From the definition of the global scalar product (.|.) (see {10}) 


on the module of all forms on the fiber, we get 


(o¢|oH) = i o¢ \*oH = 0. (5.58) 


q 


Denote by 6 the codifferential operator on the fiber 7, 1 Since o¢ is closed, for any 


q > we have 


2-form 8 on 7 
0 = (doe|2) = (o¢|58). (5.59) 


Since Ta ! is compact, by (5.58) and (5.59) we conclude that oy is co-exact. 


< : Suppose that oy is co-exact, we have oy = dy for some 2-form wy. Then, for any € € L, 
(elon) = (a¢|6~) = (dog|p) =0 
and then 
Vine] otger=—b fl (oeAsou) = Koslow) =0, 


i.e. a is L — minimal. 


(b) = : Let the fiber 77+ be E— minimal. Then, we have 


o=V(=-kf glé,H1=-t f 


™q 


_(9¢ A *0H) = —k(¢|on), 
Tq 


that is, (o¢|o#) = 0. Since € € E, o¢ = df for some function f on the fiber 771. Thus, 


(dflow) = (fldox) = 0. 


Hence it follows that day = 0, i.e. oy is co-closed. 


<= : Suppose that oy is co-closed. Let € € E, then there exists a function f € F(a 1) such 


that o¢ = df. Hence, we have 


(selon) = (dflon) = (fldon) = 0. 


Therefore, 


/ 


Vi a=-kf o(t.ger=—k f (oe A+) = -Koglon) = 0. 


that is V (€) = 0 for € CE, ie. 17! is E— minimal. 


(c) = : If the fiber 77! is H — minimal, then for € € H, we have 


j=" OK -kf je a= kf (oe aa ilan) 
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It means that, oq is orthogonal to harmonic 1-forms on the fiber 7 ! Thus, by the Hodge 
decomposition theorem [10], we conclude that oy is the sum of an exact and a co-exact 
1-form. 

<=: Let og be the sum of an exact 1-form w; = df and a co-exact 1-form w2 = é6w. For 


€ €H, we have 


(celon) =(celdf + dy) = (celdf) + (ae|dW) 


=(do¢|f) + (dogly) = 0, 


since dog = dog = 0. Thus, 


Vig=k folgt t= —k | (oe Axon) = -Koelon), 


™q q 


that is, the fiber is H — minimal. 


Theorem 5.2. Let 7 be a pointwise semi-slant submersion with compact fibers from a L.p.R. 


manifold (M,g, F) onto a Riemannian manifold (N, gn). If H € L, then 


(a) i is L— minimal if and only if 7 is minimal. 


(b) ig is E— minimal if and only if oy is a harmonic variation. 


(c) x7! is H— minimal if and only if oy is an exact 1-form. 


Proof. (a) If the fiber x7! is L — minimal, then by Theorem |5.1}(a) we have, oy is 
co-exact. Hence oz is co-closed. Taking into account the fact that doy = 0, we deduce that 
oy is harmonic. But this is a contradiction because of Hodge decomposition theorem [10]. 


So, oy must be zero. Hence we conclude that H = 0. The converse is clear. 


(b) =: If the fiber 771 is E— minimal, then we have d0q = 0 from Theorem|5.1}(b). Since 


doy = 0, oy is also harmonic, i.e. Aog = 0. 


<=: If oy is harmonic, then oy is co-closed. By Theorem [5-1}(b), the fiber x71 is E — 
minimal. 

(c) >: Assume that 77! is H— minimal. Then, from Theorem p-1F(c), oy is the sum of an 
exact 1-form and a co-exact 1-form. On the other hand, the condition H € L implies that 


o# is orthogonal to every co-exact 1-form on 7, | Thus, og must be exact. 
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<=: Let og be an exact 1-form. For € € H, we obtain 
V (é)=- bf g(§, H)*1 = kf (oe A *oH) 
Tq Tq 
=—k(o¢lox) = (eld) = (Oce|f) = 0, 
that is, i is H — minimal. 


Remark 5.3. Jt is well known that, the fibers of a submerion is minimal if and only if 
the submersion is harmonic. Now, we give a new approach for harmonicity of a pointwise 


semi-slant submersion. By Theorem|5.4(a), we obtain the following result. 


Corollary 5.1. Let 7 be a pointwise semi-slant submersion with compact fibers from a lL.p.R. 
manifold (M,g,F') onto a Riemannian manifold (N,gn). If H € L, then m is harmonic if 


and only if m7" is L— minimal. 


Lemma 5.3. Let 7 be a pointwise semi-slant submersion with compact fibers from a L.p.R. 


manifold (M,g,F') onto a Riemannian manifold (N, gn). Then, 
don = 0 Yig( Ton, Li, 1) = Xig(Aun; i, A), (5.60) 
where {E}, Eo, ..., Em} is a local basis of Do. 


Proof. 


Using (3.12), 


=> doy =0 &bi9(Vae,H, FE;) ia d49(Va, A, oki + wE;) 
=Dig(Va,H, oE;) + Lig V5, H, wEi) 


=hj9(Te;H, 6E;) + Xig(An ki, wij). 


Thus, the assertion follows from the skew-symmetry and symmetry properties of the O’Neill 


tensors A and 7. 
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ON f-BIHARMONIC HYPERSURFACES 


SELCEN YUKSEL PERKTAS, FEYZA ESRA ERDOGAN*, AND BILAL EFTAL ACET 


ABSTRACT. In the present paper, we study spacelike and timelike f-biharmonic hypersur- 
faces in Lorentzian para-Sasakian manifolds. We investigate f-biharmonic equations for 
spacelike hypersurfaces of an Lorentzian para-Sasakian manifold with a constant and har- 
monic mean curvature. Also we give some results for f-biharmonic timelike hypersurfaces 


in 7-Einstein Lorentzian para-Sasakian manifolds. 


1. INTRODUCTION 


Harmonic maps have an important area of study as a generalization of important ideas 
like geodesics and minimal submanifolds. A significant literature has been created in the 
last decade including relationships between harmonic maps and the other disciplines namely 
theoretical physics. 

A map W : (M,g) — (N,h) between Riemannian manifolds is called harmonic if it is a 


critical point of energy functional given by 


1 
E(v) = a) | dW |? vy. 


Therefore harmonic maps are the solutions of the corresponding Euler-Lagrange equation, 
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which is characterized by the vanishing of the tension field 
T(W) = traceVdW. 


As introduced by J. Eells and J. H. Sampson in [I], bienergy of a map W is defined by 


BAH) = 5 f r(H) Poy 


and W is said to be biharmonic if it is a critical point of the bienergy. 
In [2], the first and second variation formula for the bienergy were derived by G. Y. Jiang, 


showing that the Euler-Lagrange equation associated to E> is 
(VW) = —Ar(W) — traceR’ (d¥,7(¥))d¥ = 0, 


where A = —trace(V¥V" — V3) is the rough Laplacian on the sections of Y-!'TN and 
RN(X,Y) = [Vx, Vy] — Vix,y] is the curvature operator of N. The equation 72(V) = 0 is 
called biharmonic equation and it is clear that any harmonic map is biharmonic. 

With another aspect, B. Y. Chen |5| defined biharmonic submanifolds of the Euclidean 
space by AH = 0, that is any submanifold in Euclidean space whose mean curvature vector 
field H is harmonic is called a biharmonic submanifold, where A is the Laplacian of the 
submanifold acting on functions. Also B. Y. Chen made a well-known conjecture: Any 
biharmonic submanifold of the Euclidean space is harmonic, that is minimal. If one use the 
definition of biharmonic maps to Riemannian immersions into Euclidean space, it is easy to 
see that Chen’s definition of biharmonic submanifold coincides with the definition given by 
using bienergy functional. 

In the literature there are many results on the non-existence of biharmonic submanifolds 
in manifolds with non-positive sectional curvature. These non-existence consequences (see 
[6],) and as well as Generalized Chen’s conjecture: any biharmonic submanifold in a 
Riemannian manifold with non-positive sectional curvature is minimal, which was proposed 
by R. Caddeo, S. Montaldo and C. Oniciuc [7], led the studies to spheres and other non- 
negatively curved spaces. But in recent years the authors of proved that generalized 
Chen conjecture is not true by constructing examples of proper biharmonic hypersurfaces in 
a 5-dimensional space of non-constant negative sectional curvature. 

In the last fifteen years there is a growing interest in biharmonic maps theory and its 
applications to the other areas. For some recent geometric studies of general biharmonic 
maps and biharmonic submanifolds see [9 [7| and the references 


therein. 
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f-harmonic maps between Riemannian manifolds were first introduced and studied by A. 
Lichnerowicz in 1970 (see also [16]). A smooth map W : (M,g) > (N,h) between Riemannian 


manifolds is called f-harmonic if it is a critical point of f-energy functional defined by 
1 2 
Ey(W)=5 | flav P oy, 
Q 
for any compact domain domain 2. The Euler-Lagrange equation is given by 
TW) = fr(W) + dU(gradf) = 0, 


where 7(W) is the tension field of UV. If f is a constant function then it is obvious that 
f-harmonic maps are harmonic. So f-harmonic maps, where f is a non-constant function 
are more interesting to study. We call such maps as proper f-harmonic maps. 

The concept of f-biharmonic maps have been introduced by W.-J. Lu as a generaliza- 
tion of biharmonic maps. A differentiable map between Riemannian manifolds is said to be 
f-biharmonic if it is a critical point of the f-bienergy functional defined by integral of f times 
the square-norm of the tension field, where f is a smooth positive function on the domain. 
If f =1 then f-biharmonic maps are biharmonic. To avoid the confussion with the types of 
map called by the same name in and defined as a critical point of the square-norm of the 
f-tension field, some authors (see [17], [19]) called the map defined in as bi-f-harmonic 
map. 

In the present paper, our aim is to study f-biharmonic equations for hypersurfaces in 
Lorentzian para-Sasakian manifolds. Since the characteristic vector field of a Lorentzian 
para-Sasakian manifold is timelike then we consider it in the tangent space and as the normal 
vector of the hypersurface, respectively. We investigate f-biharmonic equations for spacelike 
hypersurfaces of an LP-Sasakian manifold with a constant and harmonic mean curvature. 
Also we give some results for f-biharmonic timelike hypersurfaces in 7-Einstein LP-Sasakian 


manifolds. 


2. PRELIMINARIES 


2.1. Harmonic maps. A map U € C™®(M,N) is called harmonic if it is a critical point of 


the energy functional 


E(W) = 5 [eee (2.1) 
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where (Q is a compact domain of M. The Euler-Lagrange equation gives the harmonic map 


equation 


T(W) = traceVd¥ = 0, (2.2) 


where 7(W) = traceVdvV is called the tension field of Y, V is a connection induced from the 


Levi-Civita connection V™ of M and the pull-back connection V™. 


2.2. Biharmonic maps. As a generalization of harmonic maps, biharmonic maps between 
Riemannian manifolds were introduced by J. Eells and J. H. Sampson in [I]. Biharmonic 
maps between Riemannian manifolds V : (M,g) — (N,h) are the critical points of the 


bienergy functional 
1 2 
BY) = 5 | Ir(W)Peg. (2.3) 
Q 


The first variation formula for the bienergy which is derived in [2] [3] shows that the Euler- 


Lagrange equation for the bienergy is 
T2(W) = —J(7r(W)) = —Ar(W) - traceR® (dV, r(V))d¥ = 0, (2.4) 


where A = —trace(V¥V" — V%) is the rough Laplacian on the sections of Y-!'TN and 
RN(X,Y) = [Vx, Vy] — Vix,y] is the curvature operator on N. From the expression of the 
bitension field 72, it is clear that a harmonic map is automatically a biharmonic map. So non- 


harmonic biharmonic maps which are called proper biharmonic maps are more interesting. 


2.3. f-Harmonic maps. f-Harmonic maps are critical points of the f-energy functional 


for maps © : (M,g) > (N,h) between Riemannian manifolds: 


BW) =5 | FlawPey (2.5) 


where 2) is a compact domain of WM. The Euler-Lagrange equation gives the f-harmonic map 


equation ([20], [18}): 
Tf (WV) = f r(Y) + dV (gradf) = 0, (2.6) 


where 7(W) = traceVdvW is the tension field of V vanishing of which means W is a harmonic 


map. Ty (W) is called the f-tension field of map W. 
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2.4. f-Biharmonic maps. /f-Biharmonic maps are critical points of the f-bienergy func- 


tional for maps W : (M,g) + (N,h) between Riemannian manifolds: 


By) = sft I7(W)[Pvg, (2.7) 


where 2 is a compact domain of M. The Euler-Lagrange equation gives the f-biharmonic 


map equation 
72, ¢ (W) = fra(V) + (Af)T(Y) + 2V cae TY) = 0, (2.8) 


where 7(W) and 72(W) are the tension and bitension fields of V, respectively. 2, ¢ (W) called 
the f-bitension field of map W. 


2.5. Bi-f-Harmonic maps. Bi-f-harmonic maps are critical points of the bi- f-energy func- 


tional for maps W : (M,g) + (N,h) between Riemannian manifolds: 
B}(v) == w)|? 2.9 
#(W)=5 f [rp (¥)Pey. (2.9) 
Q 
The Euler-Lagrange equation gives the bi-f-harmonic map equation ; 
TF (W) = FI" (75 (¥)) — Voraag 7 (Y); (2.10) 
where J™ is the Jacobi operator of the map defined by 
JY (X) = -Tr (V°VYX — VeuX — RN (dv, X)dW). (2.11) 
The following illustrate the relations among these different types of harmonic maps: 


Harmonic maps C Biharmonic maps C f -Biharmonic maps, 
Harmonic maps C f-Harmonic maps C Bi- f -harmonic maps. 


3. LORENTZIAN PARA-SASAKIAN MANIFOLDS 


Let M be an (m+ 1)-dimensional differentiable manifold equipped with a triple (¢, €, 77), 
where ¢ is a (1,1) tensor field, € is a vector field, 7 is a 1-form on M such that 


iE) = Sh; (2.2.1) 


¢ 


T+ 6, (2.2.2) 
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where I denotes the identity map of T,,M and @ is the tensor product. The equations (2.2.1) 
and (2.2.2) imply that 


nog = 0, 
vg = 0, (2.2.3) 
rank(¢) = m. 


Then M admits a Lorentzian metric 9, i-e., g is a smooth symmetric tensor field of type (0, 2) 
such that at every point p € M, the tensor g, : T,M x T,M — R is a non-degenerate inner 


product of index 1, where T,,M is the tangent space of M at the point p,such that 
G(X, bY) = W(X, Y) + (X)n(Y), (2.2.4) 
and M is said to admit a Lorentzian almost paracontact structure (¢,€,7,g). Then we get 


G(X,€) = n(X), 


®(X,Y) 


G(X, OY) = G(OX,Y) = OY, X), (2.2.5) 


(Vx®)(Y, Z) GY, (Vxo)Z) = (Vx®)(Z,Y), 


where V is the covariant differentiation with respect to g. A non-zero vector X, € T,M 
is called spacelike, null or timelike ,if it satisfies 9,,(Xp, Xp) => 0, Gp(Xp, Xp) = 0 (Xp F 0) 
or Gp(Xp, Xp) < 0, respectively. It is clear that the Lorentzian metric G7 makes € a timelike 
unit vector field, ie, 9(€,€) = —1. The manifold M equipped with a Lorentzian almost 
paracontact structure (¢,£,7,9) is called a Lorentzian almost paracontact manifold (for 
short LAP-manifold) [21], [22]. 

In equations and (2.2.2) if we replace € by —f, we obtain an almost paracontact 
structure on M defined by Sato [23]. 

A Lorentzian almost paracontact manifold M endowed with the structure (¢,€, 7,9) is 


called a Lorentzian para-Sasakian manifold ( for short LP-Sasakian) if 
(Vxo)¥ =n(V)X +H(X,VE + 2 XIMVE. (2.2.6) 
In an LP-Sasakian manifold the 1-form 7 is closed and 
Vet = ox Qa7 
Also, an LP-Sasakian manifold M is said to be 7-Einstein if its Ricci tensor S satisfies 


S(X,Y) = ag(X,Y) + bn(X)n(Y), (2.2.8) 
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for any vector fields X, Y, where a and 0 are functions on M. The Ricci tensor of an (m+1)- 


dimensional n-Einstein LP-Sasakian manifold is given by 


= Faye F 
5(x,¥) = (F — 1ygix.y) + (Z — mt 1)nX)n(¥), (2.2.9) 
where 7 is the scalar curvature of the manifold. 
In an (m + 1)-dimensional LP-Sasakian manifold M with the structure (¢,€,7,9), the 
following relations hold [21], [25): 


GR(X,Y)Z,£) = n(RX,Y)Z) = GY, Z)n(X) — G(X, Z)n(¥), (2.2.10) 
R(E,X)¥ =9(X,Y)E-—7(Y)X (2.2.11) 

R(X, Y)E = (VY) X — n(X)Y, (2.2.12) 

R(E, X)E = X + (XE, (2.2.13) 

S(X,€) = mn(X), (2.2.14) 

S(oX, oY) = S(X,Y) +mn(X)n(Y), (2.2.15) 


for any vector fields X,Y,Z in M, where R and S are the Riemannian curvature and the 
Ricci tensors of M, respectively. 

A semi-Riemannian hypersurface of a semi-Riemannian manifold is just a semi-Riemannian 
submanifold of codimension 1. It is well known that a Lorentzian manifold is a semi- 
Riemannian manifold with a symmetric nondegenerate (0,2) tensor field, namely metric 
tensor, of index 1. Let M be a hypersurface of a Lorentzian manifold M. If the normal vec- 
tor field of M is timelike( respectively, spacelike) then M is called a spacelike (respectively, 
timelike) hypersurface of M (see [26]). 

Let M be a hypersurface of an (m+ 1)-dimensional LP-Sasakian manifold M/. The Gauss 


and Weingarten formulae are given by 


VxY = VxY+B(X,Y), (22.16) 
Vel = SA (2.2.17) 
for each X, Y € I(7M) and N € I(T+M), where V is the Levi-Civita connection on M, 


B is the second fundamental form of M and Ay is the shape operator with respect to the 


normal section NV. We can write B(X, Y) = b(X,Y)N, where 6 is the function-valued second 
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fundamental form of M. Then the second fundamental form B and the shape operator of 


the hypersurface with respect to the unit normal vector field N are related by 
B(X,Y) =eG(VxY, N)N = -e9(Y, Vx N)N = c9(AnX,Y)N (22:18) 


and 
GAnX,Y) = G(B(X,Y),N) = G(b(X,Y)N,N) = 2b(X,Y), (2.2.19) 


where X, Y €I(TM), N ET (T+M) and e =9G(N,N). 


4. f-BIHARMONIC SPACELIKE HYPERSURFACES IN LP-SASAKIAN MANIFOLDS 


In this section we consider that the characteristic vector field of the LP-Sasakian manifold 
is the unit normal vector field of the hypersurface. Hence, we characterize the spacelike 


f-biharmonic hypersurfaces in a Lorentzian para-Sasakian (LP-Sasakian) manifold. 


Definition 4.1. A hypersurface in an LP-Sasakian manifold is called an f-biharmonic hy- 


persurface if the isometric immersion defining the hypersurface is an f-biharmonic map. 


Minimal hypersurfaces are well known examples of biharmonic hypersurfaces. Also bi- 
harmonic hypersurfaces are f-biharmonic with the function f = 1. So we have the following 


relationship: 
Minimal hypersurfaces C Biharmonic hypersurfaces C f-Biharmonic hypersurfaces. 


Neither minimal nor biharmonic hypersurfaces will be called proper f-biharmonic submani- 
folds. 
The f-biharmonic equation for a hypersurface in a Riemannian manifold is given in the 


following [19]. 


Theorem 4.1. Let UV: M™ + N™*! be an isometric immersion of codimension-one with 


mean curvature vector» = HE. Then W is an f-biharmonic map if and only if 


AH — H |Al? + HRicN (€,€) + HF + 2(gradin f)H =0, a 
2A(gradH) + %gradH? — 2H(Ric’ (€))? + 2H A(gradIn f) = 0, 
where Ric’ :T,N + T,N denotes the Ricci operator of the ambient space, A is the shape 


operator of the hypersurface with respect to the unit normal vector €, and A, grad are the 


Laplace and the gradient operator of the hypersurface, respectively. 
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Theorem 4.2. Let (M,¢,€,1,9) be an (m+1)-dimensional LP-Sasakian manifold and WV : 
M — M be an isometric immersion with dim M =m. Assume that the characteristic vector 
field € is the unit normal vector field of the hypersurface M. Then the spacelike hypersurface 
M is f-biharmonic if and only if 


—f (gradH?) — 2A(gradfH) 


I 
cd 


(3.2) 


—A(fH) +2HAf +2mfH 


l 
o 


(3.3) 


where A is the shape operator of the hypersurface with respect to the unit normal vector field 


€ and u = HE is the mean curvature vector. 


Proof. Let M be a hypersurface of the LP-Sasakian manifold M with the unit normal 
vector field € and UV: M > M be an isometric immersion. Assume that {e;}”, is a local 
orthonormal frame of M such that {dV(e1), dV(e), ..., dU (em), €} is an adapted orthonormal 
frame of the LP-Sasakian manifold MW. We identify d¥(X) by X and V¥W by VxW for 
all X € T1(TM), W € T(W-!TM). Note that the tension field of V is T(W) = mH€E. Then 
the bitension field of V : M — M is as follows: 


72) DAVEVErts ) — V¥.,7(¥) — R(dU (ex), 7(W))dV(ei)} 


= DAVE Ve, (MHE) — Ve, ,c, (MHL) — R(dW (ei), mHE) dW (e%)} 
= DVe,Ve, (mHE) — Vy.je: (mHE) — R(AW (ei), mHE)d¥(ex)} 


i= 1 


= mda ( ei(H)E + HVe,£) — (Vevei) (HE — HV 9,48 
—HR(d¥(e;), €)d¥(e;)} 


= m)>_f{erei(H)é + 2€;(H)VeE + HVe:VeiE 


— (Ve,ei) (HE — HVy.,c:€ — HR(dU(e;), €)dU(ex)} 
= —m(AH)E— mH AYE — 2mA(gradH) + mH SORE, dW (e;))dW(e;). (3.4) 


i=1 


Since M is a LP-Sasakian manifold then from (2.2.11), we have 


m 


YS" R(E, dW(e;))dW(e;) = mE. (3.5) 


i=1 
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By writing (3.5) in (3.4), we get 


T)(V) = —m(AH)E — mHAE — 2MA(gradH) + m7 HE. (3.6) 


From (2.8) we can write f-bitension field of U : 


tT, ¢(W) = f {-m(AH)E - mH AY — 2m A(gradH) + m? HE} 


m(Af)HE + 2mMV gradf (HE) 


Now, to compute the tangential and normal parts of the f-bitenson field, it suffices to find 


only the normal and tangential parts of AYé and VY ae (HE): 


From we have 


Ms 


G( AE, €) _ G(Ve,VeE — Vue aes £) 


lI 
mar 


T 
Ms 


G(Ve,VeE,§) 
il 


= ¥a(VeE, Vert) 


i=1 


ee. 
ll 


= S15 ($ei, ger). (3.7) 


By using (2.2.4) in (3.7), then the normal part of AY€ is 


(A%)” = GAME, 0€ 
= -OWVet, Vege 


i=1 
= —mé. (3.8) 
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The tangential part of AY€ can be calculated by 


m 


(A%) = — Yo WVeVed — Vo.jeib ener 


= So {eig(Aei, ex) — G(Aei, Veren) — FA(V exes); ek) fee 


= > {—e,;b(e;, ex) + b(e;, Vee) + b(Ve,ei, x) }ex 


= 2s {Ve,b(€n, es) }ep- (3.9) 


i,k=1 


By Codazzi-Mainardi equation, we have 


(V7 e,b(en: ei) — Ve, b(e:,e:)) = — a (Rles Cre, €) 
i=1 i=1 
= S(E,ex). (3.10) 
Since S(E, ex) = 0, implies that 
Y (Veblen, ei) — Ve,b(e:, e:)) = 0. (3.11) 
i=1 
If we write in (3.9), we get 
(Ave)! = —mgradH. (3.12) 
On the other hand we have 
Vyradf (Hé) = Versa Be) 
= gradf (H)E + HVgraaz & 
= g(gradf,gradH)& — HA(gradf), (3.13) 
which implies 
Voradp (HE) = div(fgradH)€ — (f AH)E — HA(gradf). (3.14) 


Then the tangential and normal parts of Vyradf (H€) are given by 


[Virwag (HE)]’ = —HA(gradf), (3.15) 


[Voradf (Hé)| * 


div( fgradH )é — (f AAYE, (3.16) 
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respectively. Finally by considering all these parts, we have the tangential and normal 


components of the bitension field as follows: 


(T2,f (w))! = —22mA(gradfH)+ (gradH’), (3-17) 


(To, (U))> = —mA(fH) + 2m? fH + 2mHAf (3.18) 
This completes the proof. 


Corollary 4.1. A spacelike hypersurface of an LP-Sasakian manifold with a costant mean 


curvature is f-biharmonic if and only if either it is minimal or 


A(gradf) = 0, 
Af = —2mf. 


(3.19) 


Proof. Let M be a spacelike hypersurface of an (m+ 1)-dimensional LP-Sasakian manifold 
with H =constant. From (3.2) and (3.3) we have M is an f-biharmonic hypersurface if and 


only if 


HA(gradf) = 0, 


HAf+2mfH = 0, 
by virtue of Weitzenbéck formula. This completes the proof. 


Corollary 4.2. A spacelike hypersurface of an LP-Sasakian manifold with a harmonic mean 


curvature is f-biharmonic if and only if 


2A(grad(In fH) = dH, 
(grad(In fH) = mgra (3.20) 


g(grad|n f, gradin H) = of +m. 


From Corollary [4. Tit is obvious that f-biharmonic spacelike hypersurfaces of LP-Sasakian 


manifolds with a constant mean curvature are either minimal ones or satisfy (3.19). 
Theorem 4.3. Let M be a totally umbilic f-biharmonic spacelike hypersurface of an LP- 
Sasakian manifold M with dimension (m+ 1). Then we have 


(2 + 1) grad\ = A(grad\n f), 
2g(gradf, gradH) = f AX— 2» (Af +2mf). 


(3.21) 


Proof. Assume that {e;}/", is a local orthonormal frame of M such that 


{dW (e,), dV(e2),..., dV (em), €} 
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is an adapted orthonormal frame of the LP-Sasakian manifold M where V : M — M is an 
isometric immersion. By identifying dV(X) by X, for all X in TM, we have an orthonormal 
basis{e1, €2, ...,e€m,€} for the ambient manifold M such that Ae; = ;e;, where A is the shape 
operator of M and Aj, (1 < i < m), is the principal curvatures in the direction of e;. Since 
M is totally umbilical then all the principal curvatures at any point p of M are equal to the 


same number A(p). Then by taking € instead of N in (2.2.18) we have 


ef 


1 m 
- 2. B ty Gt) 
ro BCE) 
1 m 
= — = 2 9(Aei, es) 
71 
1 m 
= in 2 96 28) 
= =) (3.22) 
On the other hand by using (3.22), we get 
1 
A(gradH) = —sgrady’. (3.23) 


Since M is an f-biharmonic spacelike hypersurface of M, from (3.2), (3.3), (3.22), and 


Weitzenbéck formula we complete the proof. 


Corollary 4.3. Let M be a totally umbilic f-biharmonic spacelike hypersurface of an LP- 
Sasakian manifold M with dimension (m+ 1). If gradf | gradH then we have 


(2 + 1) f gradH = —A(grad f), 


ay (3.24) 


5. f-BIHARMONIC TIMELIKE HYPERSURFACES IN LP-SASAKIAN MANIFOLDS 


Let (M, ¢, €,7, 9) be an (m+ 1)-dimensional LP-Sasakian manifold and M be a hypersur- 
face of M. Assume that the characteristic vector field of M belongs to the tangent hyperplane 
of the hypersurface M and WN is the unit normal vector field of the manifold. Since N is 
spacelike then M becomes timelike hypersurface of M. 


We note that the tension field of the isometric immersion UV : M > M is 
TU) = mi; 


where . = HN is the mean curvature vector field with the mean curvature function H. 
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Theorem 5.1. Let (M,¢,£,n,g) be an (m+ 1)-dimensional LP-Sasakian manifold and M 


be its timelike hypersurface. Then M is an f-biharmonic hypersurface of M if and only if 


” f gradH? + 2A(gradfH) — 2f H(Q(N)) = 0, 


4.1 
fH \|Al?+A(f H) — 2H (Af) — f HS(N,N) =0. a 


where S is the Ricci curvature of the LP-Sasakian manifold M, Q is the Ricci operator of M 
defined by G(QX,Y) = S(X,Y) and A is the shape operator of the hypersurface with respect 


to the unit normal vector field N. 


Proof. Assume that M is a timelike hypersurface of the LP-Sasakian manifold M with 
the unit normal vector field N and V : M —> M be an isometric immersion. Consider 
{€1, €2, +, €m—1,@m = €} is an local orthonormal basis for the hypersurface. Since the tension 


field of U is 7(V) = mHN, we have 


Ta(p) = DeedtVeVer(w) — V¥.,e,7(H) — RaW (e:),r(¥)) dW (e)} 
= 3 e{VEVe, (mHN) — V¥e,e% (mHN) — R(dV(e;), mH N)dV(e;)} 
= > €i{ Ve, Ve, (mHN) — Vv, (mHN) — R(dW(e;), mH N)dWV(e;)} 


= aS ei{Ve; (e:(H)N + HVe,N) — (Ve,ei) (H)N — AV y,.e:N 
i=1 
—HR(dW(e;), N)dV(e;)} 
= AS ee + 2e;(H)Ve,N + HVe,;Ve,N 
i=1 
— (Ve,ei) (H)N — HVy.,e:N — HR(dW(e;), N)d¥(ex)} 
= ~—m(AH)N —mHA*N — 2mA(gradH) 


m—1 
—mH S> R(dU(e;), N)d¥(ex) — R(AV(8), save} ; (4.2) 
i=l 
where V denotes the Levi-Civita connection on M , R is the Riemannian curvature tensor 
of M and V™ is the pull-back connection. 
Now we shall compute the tangential and normal components of the AYN and_ the 


curvature term, respectively: 
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The tangential part of AYN can be calculated by 


(A¥N)" = = Ss" G(Ve,Ve,N > Vve,eN, Ck )Ck 
i,k=1 


= S- G(Ve; Ae; _ A(Ve; ei), CK ek 
= So {eig(Aei, ex) — G(Aei, Verer) — G(A(Weies); ex) fer 
{e,b(e;, ex) — b(e:, Ve,ex) — b(Ve,€:, ex) sex 


{Ve,b(er, ei) fer, (4.3) 


where V is the induced connection of the hypersurface and b: (7M) x (TM) > C™(M, R) 
is the function valued second fundamental form such that B(X, Y) = b(X,Y)N, for all vector 


fields X, Y on M. By Codazzi-Mainardi equation, we have 


di (Ve,b(ex, €) — Vepb(ei,€é)) = YS) G9 (Rei, en)ei, N) 
1=1 i=1 
= —S(N, ex). (4.4) 
which implies that 
S > Ve.b(ex, €1) = S_ Ve, b(es, €1) — S(N, ex). (4.5) 
i=1 i=1 
By using in (4.3), we obtain 
(A¥n)' = S> {Ve,b(€i,€1) — S(N, en) fer 
i,k=1 
= m(gradH) — (Q(N)). (4.6) 


By straightforward computations, the normal part of the AYN is 
(AYN)t = g(AYN,N)N 


= -—) {eig(Ve,Ve.N — Vv.,e:N, N)}N 
i=l 


= Sf{eg(VeN, VeN)}N 


i=l 
= |APN, (4.7) 


where €; = 9(e;,e;), 1<i<m. 
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On the other hand, since 


m—-1 m—1 
BNeve = G(R(dU (ex), N)dW(e;), ex)ex 
k=1 i,k=1 
m—1 


= (Q(IN))E (4.8) 


and 
> al (R(dW(e;), N)dU(e;),N) =—S(N,N) +1 (4.9) 


t=1 
then the tangential and normal components of the first curvature term in (4.2) are equal to 


(Q(N)) and —S(N, N) +1, respectively. Also, from (2.2.13) we have 


R(dv(g), N)AV() = N. (4.10) 

Hence we get 
(r(W))" = —m |" (gradH?) + 2A(gradHt) — 2H(Q(N))] (4.11) 
(2(W))' = —m |(AH) + HAP? — HS(N,N)] N. (4.12) 


Also we have 


V ids (HN) = V grea HN) 


= gradf(H)N + HVgraas N 
= g(gradf,gradH)N — HA(gradf), (4.13) 
which implies 
Viradf (HN) = div(fgradH)N — (f AH)N — HA(gradf). (4.14) 


Then the tangential and normal parts of V™ eer, (HN) are given by 


[Vi wat (HN)]' = —HA(gradf), (4.15) 


[Ve nap (HN)| = div(fgradH)N — (f AH)N, (4.16) 


By reorganizing all the tangent and normal parts of the f-bitension field, we get 
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(rap(¥))" =f {-m (Z (grad?) + 2A(gradtt) — 2H(Q(N))) } - 2mHA(gradf) 
m2 = 
= at gradH? — 2mf A(gradH) + 2mf H(Q(N)) — 2mH A(gradf) 
Se {= f gradH? + 2A(gradf H) — 2f AQ) (4.17) 


and 


(rap (¥))t =f {-m (AH) + HA? — HS(N,N)] NY 
m(Af) HN + 2m {g(gradf, gradH)N} 
= —mf(AH)N — mf H |A\? N+mf HS(N,N)N (4.18) 
+m (Af) HN + 2mdiv(Hgradf)N —2mH (Af) N 
= -m{fH |AP?+A(fH)-2H (Af) - fHB(N,N)}N 


which give 


m5 (wb) = —m {= f gradH? + 2A(gradfH) —2 rH(Qny)} (4.19) 


-m{ fH |Al? + A (f H) — 2H (Af) — fHS(N,N)} N. 
This completes the proof. 


Corollary 5.1. Let M be a timelike hypersurface of an LP-Sasakian manifold M with con- 
stant mean curvature. Then M is an f-biharmonic timelike hypersurface if and only if either 


it is minimal or 


ie A(gradf) = f (Q(N)), (4.20) 


= |Al? — S(N,N). 
Corollary 5.2. A timelike hypersurface of a Ricci flat LP-Sasakian manifold with a constant 


mean curvature is f-biharmonic if and only if 


ue 


i ; (4.21) 
ai =|AP. 


Theorem 5.2. Let M be an (m+ 1)-dimensional n-Einstein LP-Sasakian manifold and M 


be a timelike hypersurface of M. Then M is f-biharmonic if and only if 


(4.22) 


| A(grad|In(fH)) = —3 (gradH), 
A(f H A ee 
ve 22D =—|Al ie 


r 
’ m 
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where F is the scalar curvature of M. Particularly, if M is a timelike hypersurface with 


0 4 H =constant, then M is a non-minimal f-biharmonic timelike hypersurface if and only 
if 


(4.23) 


Proof. Assume that M be an (m + 1)-dimensional 7-Einstein LP-Sasakian manifold. Then 


by using (2.2.9), we have 


—1. (4.24) 
On the other hand 

(Q(N)) =0. (4.25) 
By using and in (4.1), we obtain the assertion of the theorem. 


Theorem 5.3. Let M be an (m+ 1)-dimensional LP-Sasakian space form and M be a 
timelike hypersurface of M. Then M is f-biharmonic if and only if 


A(grad|n(fH)) = =F (gradH) , 


A(f H A ae 
Yr) — 288 = —|AP +m, 


(4.26) 


In particular, M is a hypersurface of M with a constant mean curvature, then M is a non- 


minimal biharmonic timelike hypersurface if and only if |.A|? = af +m. 


Proof. In an (m+ 1)-dimensional LP-Sasakian space form M, since 
S(X,Y) =mg(X,Y), 
for all vector fields X, Y , then M is an 7-Einstein manifold with 
F=m(m-+1). (4.27) 


Therefore, the f-biharmonic equation reduces to (4.26). 


Theorem 5.4. Let M be an (m+ 1)-dimensional (dim M > 2) n-Einstein LP-Sasakian 


manifold. If M is a totally umbilical f-biharmonic timelike hypersurface of M then we have 


A(gradf) = 2fgrady, 


AFA) _ 4 (Af) 
fA hi 


pee 
m 
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Proof. Let {e1,€2,..-;€m—1,€m = €,N} be a local orthonarmal basis of n-Einstein LP- 
Sasakian manifold M such that {€1, €2,-.-,€m—1,€m = €} is an orthonormal frame for the 
hypersurface M. Since M is totally umbilical, we have A = AJ, where A is a smooth func- 


tion. Then 


H = — €1g(B(ei, ei), N) 


= ——), (4.28) 


From (4.28), we can write 
—] 
m 


A(gradH) = de grad)?. (4.29) 
On the other hand, by straightforward calculations one can easily see that 


|A|? = m?. (4.30) 


By using (4.28), and in (4.22), we obtain 


fA(gradH) + HA(gradf) = a (gradH”) 
m—1 2, m-—-l1 m,(m-1\? 2 
f om grad + — rA(gradf) = f = gradX 
1 
AA(gradf) = f E — m| gradX 
A(gradf) = 2fgradr 
and 
fit f m 
A(fA) (AP) 27 
2 Mv 4 1, 
fr f mn 
which complete the proof. 
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